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ELECTRON-PHONON INTERACTION
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EFFECTIVE E-E INTERACTION
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TIME-REVERSAL INVARIANCE

k< -k, 71T

Preserved in the presence of potential scattering.
Preserved in the presence of spin-orbit coupling.

Broken by spin-dependent scattering.
Broken by magnetic field.
Broken by current flow.



ANDERSON'S THEOREM

Superconductivity in a conventional superconductor is
robust with respect to (non-magnetic) disorder. T. barely
depends on material purity (in fact, it increases upon
increasing disorder!).

Anderson, P. W. (1959). "Theory of dirty superconductors". J. Phys. Chem. Solids. 11: 26-30.



BOGOLIUBOV QUASIPARTICLES
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Nb,T= | 70m K, A=1.5meV H. Courtois, Grenoble

PRB (2005)

scanning tunneling microscope (STM) dl/dV spectra
(proportional to the local density of states)



NAMBU NOTATION

dim=2 for B=0 and B along z-axis,
dim=4 for general direction of B

i
.‘. 2t

Pl = ( S > ol = | Cre

C—k| C_ k4

C_Lk|

Hamiltonian expressed in terms of 2x2 or 4x4 matrices.
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RICHARDSON MODEL

charge-conserving Hamiltonian for superconducting grains
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What is the smallest system size at
which the superconductivity persists!?

1
d i
5 i

number of Cooper pairs = d/A

d
S ]
A\

Anderson (1959)

interlevel spacing

Averin. N 1992

oY (1992) Mastellone, Falci, Fazio (1998)
Janks, Smith, Ambegaokar (1994) Delft (1998,1999)
Golubev, Zaikin (1996) e :

Dukelsky, Sierra (1999,2000)

/ \ (c) Ultrasmall Grain
e dZA

von Delft, Zaikin, Golubeyv, Tichy (1996)

/r | \PN (a) Large Grain
d <<A

(b) Small Grain
d <A

von Delft, Ralph, 2001

Tuominen, Hergenrother, Tighe,

Tinkham (1992)
Lafarge, Joyez, Esteve, Urbina, Devoret (1993)
Eiles, Martinis, Devoret (1993)



EXACT SOLUTION OF RICHARDSON MODEL

o0
=@
j‘> ® e + single-occupied levels are inert
(blocking effect!)
[ J
o0
il — Z 261 ige )bTb b;f — C;ZFTCIL hard-core bosons

. . 1 1 2
eigenvalue equation: LB =0
g q IR

Fully equivalent to BCS in the large-N, small-a limit Richardson, 1963



EC(/ﬁ/SC 75 n0)2

iz charging energy

€
20

energy-level / gate-voltage expressed
in units of electron number



drdv (a.u.)

PB ISLANDS ON INAsS(110)
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W/\,J Addition voltage 4V, (V) SE (meV)

A
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Sample bias (V)

\
INC Volume [nm®] NC Height [nm] NC Area [nm?| E¢ [meV] &r; (meV] 852 [meV] Ernoutess [meV]|

I 807 5.5 324 14 0.2 0.14 14
II] 627 5 278 15 0.3 0.18 48
111 275 3.8 172 35 0.6 0.4 63
IV 160 2.5 120 52 1.1 0.7 75
\Y 10 0.7 15 200 17 11 191
VI L5 0.4 5 1040 123 77 364

Vlaic et al. (2017), Hervé Aubin group



CHARGE-PHASE DUALITY

A¢- AN > 1



DEFECTS IN SUPERCONDUCTORS

Non-magnetic: hardly any effect (Anderson’s theorem)

Clean superconductor: pairing between k1 and -k| Bloch states

Dirty superconductor: pairing between time-reversal partners

Magnetic: broken time-reversal symmetry, pair-breaking effect
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lncc — Z ekclackg =F Z A (CJ]LTCT_,Q =F C—kickT)
ko k

el — S - s{n =)

: 1 1 1
with s = N %ﬂ;cz (§O'> Clis = fg <§U'> fo

This is Kondo model with superconducting bath.
Difficult non-perturbative many-body problem!



Classical limit: S — oo, JS = const

J (i Sﬂ 7)o E 0 — effectively a static local
V'S magnetic field of strength Beg=]S

How do quasiparticles scatter on a static point-like magnetic moment!?

Ykt = UkCkr — UkCT_m

Spin-dependent potential scattering:
attractive for one spin orientation, repulsive for the other.

Attractive potential for s-wave Bogoliubov wavefunctions
has a bound state for any J!




YU-SHIBA-RUSINOV STATES

Magnetic impurity creates a bound state
inside the superconducting gap (= subgap state).

-h_a2

Ever = A-
1 + o

a=JSmTp/2

Yu Lu,Acta Physica Sinica (1965)
H. Shiba, Prog. Theor. Phys. (1968)
A.l. Rusinov, ZhETF Pis. Red (1969)

a-— ()

g

:
a = 0

XJL JLK

quasiparticle
continuum

Yu-Shiba-Rusinov state

ground state




1.0 : Bogoliubov quasiparticle localizes,
"screens" the impurity spin, S—5-1/2
0.5F
FUD -
RO

parity-changing

quantum phase transition | \
(level crossing, first order) | A. Sakurai (1970) \




SINGLE MAGNETIC ATOMS ADSORBED ON NB SURFACE
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MAGNETIC MOLECULES
ON SURFACES OF SUPERCONDUCTORS
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Moire-like structure:
molecules have different
binding strengths
to the substrate
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QUANTUM IMPURITY

HBCS — Z EkCIZO_Ck;O' e Z A (Cl];'rcT—k¢ S C—k¢CkT)
ko k

Quantum impurities have internal dynamics: spin can flip!



QUANTUM IMPURITY IN A NORMAL METAL:
THE KONDO EFFECT
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free local moments

Kondo
singlet

screened local moments
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NRG FOR BCS MEAN-FIELD BATH



HYBRIDISATION FUNCTION FOR
SUPERCONDUCTING BATHS

ez (z—l—(e—,u) —A
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Generalization of ODE discretization scheme to (Nambu) matrix case

Normal state: A(z) == Z |Vk‘29k(z) gk(Z)
k

A Z ‘Vk‘zgkz(z) & 1(2) =2k —Xk —6:
k

Additive quantity in presence of multiple AN E A
(either N or SC) channels: &

o
Soft gaps, too!
(a)

Quantum impurities in channel mixing baths : -w@ w0 | w0 @ o
Jin-Guo Liu, Da Wang, Qiang-Hua Wang el Y <oy
Phys. Rev. B 93,035102 (2016) sep)

https://github.com/GiggleLiu/nrg_mapping @ 10

@ """"" AN A ) 0 1 e

et BT hl » oo
TR RO I LS R Ol I O, I, S


https://github.com/GiggleLiu/nrg_mapping

COULOMB INTERACTION
AND CHARGING TERMS

U Ec i
r
G} TR
Vv N H
n0

QD (Anderson impurity) + Sl (Richardson model)

J. C. Estrada Saldafia et al., arxiv:2101.10794



EC(/ﬁ/SC 75 n0)2

iz charging energy

€
20

energy-level / gate-voltage expressed
in units of electron number



QD

A

U
It —en + Unyn| = 5(77, — v)? + const.

energy-level / gate-voltage expressed
n = Z Ny P — di, d, g —:ls in units of electron number
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coupling

Hyyp = (v/VN) Z (c;fadg - H.c.) I' = mpv?
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matrix product operator (MPO) representation of H

Wo = (I mpfimp + Ultimp 1imp,s —dpF  —d\F +dlF +d[F 0 0 0)
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e
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F is fermion-parity operator

g = ad

N
H=1|}lWw
j=1{)
dim = 9

Pavesi¢, Bauernfeind, Zitko, arxiv:2101.10168



Part lll: basic properties




=12
QUANTUM IMPURITY IN A SUPERCONDUCTOR:

DOUBLET-SINGLET TRANSITION

|
0.5 @l L / &0
) A~ Tk :
gﬂd j 1 i f :/ \ & ekl r - _r
s (b T —| Tk =Dexp ( J)
m>-< Bogoliubov quasiparticle localizes, s
‘ . \"screens" the impurity spin, S=1/2—5=0
o5 doublet GS singlet GS
A=
5 I | I | ]
1() 0.1 0.2 0.3 0.4
pJ Satori, Shiba, Sakai, Shimizu JPS] (1992);

Yoshioka, Ohashi |PS] (1998, 2000)



SCALING OF SUB-GAP EXCITATIONS

(@) InAs/InP plunger gate
NW (Pg)

SiO, |

HfO,

s\

N me\

= —_—

back gate (bg)

0.2 0.5
Singlet GS
<
o Of
< 0.1
— O
0
Doublet GS
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£./U 01

TT |
® device 1

O device 2
— NRG

-~ NRG with B/U=3 10" [
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0.1

k, T, /A

Lee, Jiang, Zitko,Aguado, Lieber, de Francesci, PRB (2017)

see also Luitz, Assaad, Novotny, Karrasch, Meden, PRL 108,227001 (2012)



GATE DEPENDENCE
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CARBON NANOTUBE QUANTUM DOT
BG (V)
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JD Pillet, P Joyez, R Zitko, MF Goffman, PRB 88, 045101 (2013)



ANDREEYV BOUND STATES, U=0 LIMIT

i — Z fdld. 1 Pcﬂdi + H.c. large A limit

=0 ¢=7(|0> 2))




: ROLE OF U/A

YSR vs ABS
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IMPURITY IN A JOSEPHSON'S JUNCTION

H=en+Unwn; + Z €N i T Z (Ag(.’}tﬂ_ (:Zil - H.C.) + Z (‘,,,.-;(,}';‘én(ln n H.C.)

k1 ¥ =

Ay = Ae®/? and Ay = Ae /2



SINGLET-DOUBLET
PHASE DIAGRAMS
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JOSEPHSON
CURRENT

Choi et al. PRB 70, 020502 (2004)



— singlet 1
—— singlet 2
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(a) Phase diagram at ¢ = 0
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Figure 9: Results for U/A = 1.25.
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Figure 11: Results for U/A = 10.



EFFECTS OF CHANNEL ASYMMETRY

= Vol d+(e—p) —Ae )
A(Z) — Z 52 _ [(6 _ /_L)Q 4 AQ] ( _Ae—1%a 5 _ (e - ,u.)

a=1.2 -

- -
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S/U S/U
(a) Phase diagram at ¢ = 0 (b) Phase diagram at ¢ = 7

Figure 13: Results for U/A = 5,11 /I’y = 5.



bias voltage

ZEEMAN SPLITTING OF YSR STATES

E 4 !
A

S0

dl/dV

BS2

E
EESI
E

Lee, Jiang, Houzet, Aguado, Lieber, De Franceschi, Nature Nanotech. 9,79 (2014)

>
gate voltage



RELATION BETWEEN MANY-BODY STATES
AND SINGLE-PARTICLE SPECTRAL FUNCTION

\ 4

No magnetic field, B=0 N N Magnetic field, B#0
E A 1 E A Il
N N
Case I: w1 A S, Case I: S~12 2 ) )
T >A Y E %J PRGN T>A § S~112 ELsz %J L‘_"_’
v S=0 E ‘ vi o Ehs,l e
GS A (') +A -V GS A (')
N N
E A t E A 1
SN SN
Case II: - - ) Case II: S0 é ) ?
TK<A 4 Eus % e TK<A * 1 EES~2 %
v S=1/2 E ‘ TS Eus,l —> < >
Gs -A | +A "V Gs -A 0
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Voltage (mV) S. Otte et al,, Nature Physics 4,847 (2008)



(E-E,, )/A

(E-Eg )/A

MAGNETIC FIELD EFFECTS ON
SHIBA STATES

Hmag T gO,uBBSimp,z
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e s strongly renormalized
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B/U by Kondo exchange coupling!
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SHIBA STATES IN
HIGH-SPIN IMPURITIES

1mp E J Slmp S
\ coupling to

Example: Simp= | multiple “channels”
with different
E orbital symmetries
A
quasiparticle
continuum
2 5=0
Transitions with AS,=+1/2 are
A o2 observable in tunneling spectroscopy
S5—1/2
| AR P AL o O S



MAGNETIC ANISOTROPY FOR S>1
(ALSO KNOWN AS ‘“ZERO-FIELD SPLITTING”?)

Haniso 5 DS? “F E(Si = S;)
= DS + E(S% + 52)

T :
longitudinal anisotropy "~ transverse anisotropy
Dy 0 B
Example S=1): g . =[0 0 0
o0 D
il Ei=0)|1)=1S, =0)
1
IO — o — ] 5.l
3= D+ F FiS 7 ( k| )
1
By=D—E| [2) = —(|S: = -1) - |S. = 1))

N/
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