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Lecture 3: density matrix renormalization group



• Main idea: exponentially big Hilbert space 
compressed into a subspace of states which carry 
most of the weight


• Works best for local Hamiltonians with a gap 
between the ground state and the first excited state


• Efficient

U. Schollwöck, The density-matrix renormalization group in the age of matrix product states,  
Annals of Physics 326, 96 (2011)



Tensors
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Tensor networks

matrix product state



tensor network for a 2D system



Schmidt decomposition

singular value decomposition



entropy of entanglement





Matrix product states

L sites, i=1,...,L {�i} dim = d
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physical degree of freedom

auxiliary degree of freedom





Representation is not unique (left-canonical, right-canonical, mixed-canonical).



Truncation error:

Compression: dL → LD2

D=1: product state. D 2: entangled state.≥



Symmetries

Abelian quantum numbers easy to implement.

M =
X

i

Mi
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Imposes block structure upon matrices.



boundary conditions



AKLT states

(Affleck-Kennedy-Lieb-Tasaki)

H =
X

i

Si · Si+1 +
1

3
(Si · Si+1)

2
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hidden order



Overlaps

(2L-1)d multiplications, O(D3) each



Expectation values



Matrix product operators
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Schollwöck, Ann. Phys. (2011)





Density matrix renormalization group

https://itensor.org/
Schollwöck, Ann. Phys. (2011)

E =
h |Ĥ| i
h | i
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matrix product state:



Sweeping

Consider all matrices except one fixed. Vary the elements of this 
matrix so as to extremize .

Equivalent to a generalized eigenvalue problem 

⟨ψ |H |ψ⟩ − λ⟨ψ |ψ⟩
Hν − λNν = 0

Eigenproblem becomes standard for open b.c.

Iterative eigensolvers (Jacobi-Davidson or Lanczos) needs to be 
used. 



Sweep left to right and back.

Energy can only decrease--variational problem.

Good test: ⟨ψ |H2 |ψ⟩ − (⟨ψ |H |ψ⟩)2 → 0

Initial approximation may be bad. Compensate by doing many 
sweeps with small matrix sizes, then increase dimension D, and 
sweep further.



Avoiding metastable states

General problem, exacerbated if starting with small matrix sizes D.

Cause: conservation of the distribution of contributions to 
conserved quantum numbers in L and R blocks. 

Solution: perturbation that expands the search space (and 
changes the distribution of quantum numbers).

White, PRB 72 180403 (2005)



Excited states

a) If in different sector, then excited state is just a 
ground state in that different symmetry sector.


b) In the same sector, then i-th lowest state. All states 
must be orthogonal with respect to each other. We 
compute excited states one by one.



Time-dependent variation principle
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e�iHt or e��H

TDVP applicable to problems with long-range interaction.

Usually evaluated using Trotter decomposition.

But only applicable for short range (nearest-neighbours) 
interactions.
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