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Lecture 2: numerical renormalization group



Part 1: General considerations



Effective hamiltonian

= description valid on a certain energy/length scale

Parameters can be extracted from the experiment.

What terms to retain:
• symmetry considerations
• energy considerations
• relevance of operators (renormalization group)



Example: from Hubbard model  
to Heisenberg model

H = J

X

ij

Si · Sj
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[Sx, Sy] = iSz S2 = S(S + 1)
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large U, <n>=1

i.e., for Mott insulators



P. W. Anderson: Basic notions of condensed matter physics (1984)



Renormalization group

1) procedure for finding relations between the effective descriptions 
of the same physical system on different energy scales

Approaches:
• by integrating out high-energy degrees of freedom by coarse graining
• unitary transformations and truncation

2) framework for discussing relations between physical theories

coarse graining
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HN+1 = T [HN ]

RG transformation



Energy cascading

Scaling

Vicinity of a fixed point

Amplification and deamplification

Universal behaviour
of different systems

Relevant operators Irrelevant operators



Fixed points, (ir)relevant operators

H
⇤ = T [H⇤]

HN = H
⇤ + �HN

L[H⇤] ·O = �O

�HN =
X

m

cm�N
mOm

� > 1

� = 1

� < 1

relevant operator 
irrelevant operator (universality!)

marginal operator

HN+1 = T [H⇤ + �H] = H
⇤ + L[H⇤] · �H +O[�H2

N ]



Cutoff renormalization

J (D) =
J

1� ⇢J ln(D/D)
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Universality

Kadanoff (1960s)

Stable fixed points define universality classes.

Dictated by dimensionality, degrees of freedom, symmetry.

Usually discrete sets of fixed points for a given family of 
Hamiltonians, or low-dimensional sets (lines, sheets, etc.) 
parametrized by coefficients corresponding to "marginal 

operators".



Part 2: The algorithm



Numerical Renormalization Group
K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975)

Gram
-Sc

hmidt logarithmic 
discretization 

ε
−1 0 +1

EF

Λ0Λ−1Λ−2Λ−3...

imp

Wilson’s chain

0 1 2 3 4
Λ−n/2

imp

http://nrgljubljana.ijs.si/

Λ>1

http://nrgljubljana.ijs.si


NRG

• Reduction to a 1D problem

• Logarithmic discretization

• Mapping to a "hopping Hamiltonian"

• Iterative diagonalization of hopping 
Hamiltonian

Nondiagrammatic RG transformation which
are solved numerically.



Reduction to a 1D model

Because the impurity is point-like, the Hamiltonian maps to a 1D model.

Lanczos algorithm

H =

X

k

✏kc
†
kck +

X

k

⇣
Vkc

†
kd+H.c.

⌘
+Himp
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H = V (f
†
0d+H.c.) +

X

n�0

⇥
✏nf

†
nfn + tn

�
f
†
nfn+1 +H.c.

�⇤
+Himp
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noninteracting 1D chain with interacting impurity attached to the edge

k-space basis:

chain basis:

starting point for conformal field theory (CFT) approach



boundary conformal field theory

Kondo model = 1D relativistic quantum field theory with massless particles 
 conformal symmetry

Interpretation of the Kondo effect as fusion of impurity degrees of freedom 
by the continuum

→

I. Affleck, Nucl. Phys. B (1990)



good sampling of the states near the Fermi energy

Logarithmic discretization

METHOD



representative states

We keep only l=0.
These are the “representative states”



tridiagonalisation

Another application of the Lanczos (Gram-Schmidt) procedure.

star
representation

chain
representation



Exact results for flat band
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⇢(✏) =
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2D
for �D < ✏ < D

�(z) =
�

2⇡
ln

z + 1

z � 1
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<latexit sha1_base64="FExXSF5MUUp4Q5OL4JVRYm9g89k="></latexit>

�(✏) = ⇡⇢(✏)V 2 = Im�(✏+ i0+)

Good exercise in Legendre polynomials and Bonnet recursion formula!



zero-th site of the Wilson chain

This is the conduction-band orbital at the position of the 
impurity.

V f†
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1p
Nc

X

k

Vkc
†
kµ

<latexit sha1_base64="yQ0rH/DJruysdL69L0sotB8ILtU="></latexit><latexit sha1_base64="yQ0rH/DJruysdL69L0sotB8ILtU="></latexit><latexit sha1_base64="yQ0rH/DJruysdL69L0sotB8ILtU="></latexit><latexit sha1_base64="yQ0rH/DJruysdL69L0sotB8ILtU="></latexit>

More generally:

|V |2 =
1

Nc

X

k

|Vk|2
<latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="uTDjehyDKMJrIqeyBRWJ206fHv4=">AAAB/XicbVDLSgNBEOyNrxijxrOXwSB4Crte9Ch48RjBPCAJYXa2NxkyO7vM9ApxyQ+IN//Em/gl/ohnJ4+DSSxoKKq66e4KMyUt+f63V9rZ3ds/KB9WjqqV45PTWrVt09wIbIlUpaYbcotKamyRJIXdzCBPQoWdcHI/9zvPaKxM9RNNMxwkfKRlLAUnJzWHtbrf8Bdg2yRYkTqsMKz99KNU5AlqEopb2wv8jAYFNySFwlmln1vMuJjwEfYc1TxBOygWZ87YpVMiFqfGlSa2UP9OFDyxdpqErjPhNLab3lz8z+vlFN8OCqmznFCL5aI4V4xSNv+ZRdKgIDV1hAsj3a1MjLnhglwya1tITl7WvihyLcnOXE7BZirbpH3dCPxG8OhDGc7hAq4ggBu4gwdoQgsERPAK796b9+F9LvMseatgz2AN3tcvbASZxQ==</latexit><latexit sha1_base64="gd5X1hTFD/a7o/sAcj3IdaZT07o=">AAACJnicbZDLSsNAFIZP6q3eq1s3gxdwVZJudCMIblxJBZsKbQ2T6USHTCZh5kSoaV7ApxFc6Zt0Jz6Ea6eXhVV/GPj5/xnOnC/MpDDouiOnsrC4tLxSXV1b39jc2q7tbPgmzTXjLZbKVN+G1HApFG+hQMlvM81pEkreDuOLcd9+5NqIVN3gIOO9hN4rEQlG0UZB7XDoD+8a5Ix0I01Z4ZXFVcBK0jV5EsRk6AexrYPagVt3JyJ/jTczBzBTM6h9dfspyxOukElqTMdzM+wVVKNgkpdr3dzwjLKY3vOOtYom3PSKyTYlObJJn0SptkchmaQ/XxQ0MWaQhPZmQvHB/O7G4X9dJ8fotFcIleXIFZsOinJJMCVjNKQvNGcoB9ZQpoX9K2EP1GJBC3BuCor4aW6LIlcCTWlBeb+x/DV+o+65de/ahSrswT4cgwcncA6X0IQWMHiGF3iDd+fVGTkfU6QVZ8Z2F+bkfH4Dty2pDw==</latexit><latexit sha1_base64="gd5X1hTFD/a7o/sAcj3IdaZT07o=">AAACJnicbZDLSsNAFIZP6q3eq1s3gxdwVZJudCMIblxJBZsKbQ2T6USHTCZh5kSoaV7ApxFc6Zt0Jz6Ea6eXhVV/GPj5/xnOnC/MpDDouiOnsrC4tLxSXV1b39jc2q7tbPgmzTXjLZbKVN+G1HApFG+hQMlvM81pEkreDuOLcd9+5NqIVN3gIOO9hN4rEQlG0UZB7XDoD+8a5Ix0I01Z4ZXFVcBK0jV5EsRk6AexrYPagVt3JyJ/jTczBzBTM6h9dfspyxOukElqTMdzM+wVVKNgkpdr3dzwjLKY3vOOtYom3PSKyTYlObJJn0SptkchmaQ/XxQ0MWaQhPZmQvHB/O7G4X9dJ8fotFcIleXIFZsOinJJMCVjNKQvNGcoB9ZQpoX9K2EP1GJBC3BuCor4aW6LIlcCTWlBeb+x/DV+o+65de/ahSrswT4cgwcncA6X0IQWMHiGF3iDd+fVGTkfU6QVZ8Z2F+bkfH4Dty2pDw==</latexit><latexit sha1_base64="R1KIaJBEelU7Gj78zgC6rMGNrhQ="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit><latexit sha1_base64="nbHafqiN6m9aXOjKdMN9JHxgYms="></latexit>





Initial Hamiltonian

H0 = Himp +
X
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<latexit sha1_base64="TKh+w34qtP1kS7znT+Qj3ZbwIDc="></latexit><latexit sha1_base64="TKh+w34qtP1kS7znT+Qj3ZbwIDc="></latexit><latexit sha1_base64="TKh+w34qtP1kS7znT+Qj3ZbwIDc="></latexit><latexit sha1_base64="TKh+w34qtP1kS7znT+Qj3ZbwIDc="></latexit>

H0|ri0 = E0(r)|ri0
<latexit sha1_base64="UxO9lA7CK2CBGJMrMiVJiiyx4SU=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAKdVNmRNCNUBShywr2Au0wZNJMG5rJDMkZoY59AZ9GcKVv0p24de/a9LKwrT8EPv5zDifn92PBNdj2yMqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fzuuNx6Z0jySDzCImRuSruQBpwSM5eVPKp6Nn1VbEdkVzPA1vvPsojr7a3r5gl2yJ8LL4MyggGaqevmfdieiScgkUEG0bjl2DG5KFHAq2DDXTjSLCe2TLmsZlCRk2k0n1wzxqXE6OIiUeRLwxP07kZJQ60Hom86QQE8v1sbmf7VWAsGVm3IZJ8AknS4KEoEhwuNocIcrRkEMDBCquPkrpj2iCAUT4NwW4P2nuSvSRHLQQxOUsxjLMtTPS45dcu4vCuWbWWRZdISOURE56BKVUQVVUQ1R9IJe0Tv6sN6skfVpfU1bM9Zs5hDNyfr+BSjJqZM=</latexit><latexit sha1_base64="UxO9lA7CK2CBGJMrMiVJiiyx4SU=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAKdVNmRNCNUBShywr2Au0wZNJMG5rJDMkZoY59AZ9GcKVv0p24de/a9LKwrT8EPv5zDifn92PBNdj2yMqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fzuuNx6Z0jySDzCImRuSruQBpwSM5eVPKp6Nn1VbEdkVzPA1vvPsojr7a3r5gl2yJ8LL4MyggGaqevmfdieiScgkUEG0bjl2DG5KFHAq2DDXTjSLCe2TLmsZlCRk2k0n1wzxqXE6OIiUeRLwxP07kZJQ60Hom86QQE8v1sbmf7VWAsGVm3IZJ8AknS4KEoEhwuNocIcrRkEMDBCquPkrpj2iCAUT4NwW4P2nuSvSRHLQQxOUsxjLMtTPS45dcu4vCuWbWWRZdISOURE56BKVUQVVUQ1R9IJe0Tv6sN6skfVpfU1bM9Zs5hDNyfr+BSjJqZM=</latexit><latexit sha1_base64="UxO9lA7CK2CBGJMrMiVJiiyx4SU=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAKdVNmRNCNUBShywr2Au0wZNJMG5rJDMkZoY59AZ9GcKVv0p24de/a9LKwrT8EPv5zDifn92PBNdj2yMqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fzuuNx6Z0jySDzCImRuSruQBpwSM5eVPKp6Nn1VbEdkVzPA1vvPsojr7a3r5gl2yJ8LL4MyggGaqevmfdieiScgkUEG0bjl2DG5KFHAq2DDXTjSLCe2TLmsZlCRk2k0n1wzxqXE6OIiUeRLwxP07kZJQ60Hom86QQE8v1sbmf7VWAsGVm3IZJ8AknS4KEoEhwuNocIcrRkEMDBCquPkrpj2iCAUT4NwW4P2nuSvSRHLQQxOUsxjLMtTPS45dcu4vCuWbWWRZdISOURE56BKVUQVVUQ1R9IJe0Tv6sN6skfVpfU1bM9Zs5hDNyfr+BSjJqZM=</latexit><latexit sha1_base64="UxO9lA7CK2CBGJMrMiVJiiyx4SU=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAKdVNmRNCNUBShywr2Au0wZNJMG5rJDMkZoY59AZ9GcKVv0p24de/a9LKwrT8EPv5zDifn92PBNdj2yMqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fzuuNx6Z0jySDzCImRuSruQBpwSM5eVPKp6Nn1VbEdkVzPA1vvPsojr7a3r5gl2yJ8LL4MyggGaqevmfdieiScgkUEG0bjl2DG5KFHAq2DDXTjSLCe2TLmsZlCRk2k0n1wzxqXE6OIiUeRLwxP07kZJQ60Hom86QQE8v1sbmf7VWAsGVm3IZJ8AknS4KEoEhwuNocIcrRkEMDBCquPkrpj2iCAUT4NwW4P2nuSvSRHLQQxOUsxjLMtTPS45dcu4vCuWbWWRZdISOURE56BKVUQVVUQ1R9IJe0Tv6sN6skfVpfU1bM9Zs5hDNyfr+BSjJqZM=</latexit>



Iterative diagonalization
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Basis construction



Symmetries

SU(2)spin
<latexit sha1_base64="/bkb746M93iaxMG+h3XHQYEb9gU=">AAACKXicbVBNS8NAEN34WetX1KMegkWol5IUQY9FLx4rmrbQhrDZbtqlm03YnQg15OKvETzpP/GmXv0Pnk3aCLb1wcLb92aYmedFnCkwzQ9taXlldW29tFHe3Nre2dX39lsqjCWhNgl5KDseVpQzQW1gwGknkhQHHqdtb3SV++17KhULxR2MI+oEeCCYzwiGTHL1o16AYSiD5NZOq/VT9/erIiZSV6+YNXMCY5FYBamgAk1X/+71QxIHVADhWKmuZUbgJFgCI5ym5V6saITJCA9oN6MCB1Q5yeSK1DjJlL7hhzJ7AoyJ+rcjwYFS48DLKvMl1byXi/953Rj8CydhIoqBCjId5MfcgNDIIzH6TFICfJwRTCTLdjXIEEtMIAtuZgqw0cPMFUksGKg8KGs+lkXSqtcss2bdnFUal0VkJXSIjlEVWegcNdA1aiIbEfSIntALetWetTftXfucli5pRc8BmoH29QNnw6hy</latexit><latexit sha1_base64="/bkb746M93iaxMG+h3XHQYEb9gU=">AAACKXicbVBNS8NAEN34WetX1KMegkWol5IUQY9FLx4rmrbQhrDZbtqlm03YnQg15OKvETzpP/GmXv0Pnk3aCLb1wcLb92aYmedFnCkwzQ9taXlldW29tFHe3Nre2dX39lsqjCWhNgl5KDseVpQzQW1gwGknkhQHHqdtb3SV++17KhULxR2MI+oEeCCYzwiGTHL1o16AYSiD5NZOq/VT9/erIiZSV6+YNXMCY5FYBamgAk1X/+71QxIHVADhWKmuZUbgJFgCI5ym5V6saITJCA9oN6MCB1Q5yeSK1DjJlL7hhzJ7AoyJ+rcjwYFS48DLKvMl1byXi/953Rj8CydhIoqBCjId5MfcgNDIIzH6TFICfJwRTCTLdjXIEEtMIAtuZgqw0cPMFUksGKg8KGs+lkXSqtcss2bdnFUal0VkJXSIjlEVWegcNdA1aiIbEfSIntALetWetTftXfucli5pRc8BmoH29QNnw6hy</latexit><latexit sha1_base64="/bkb746M93iaxMG+h3XHQYEb9gU=">AAACKXicbVBNS8NAEN34WetX1KMegkWol5IUQY9FLx4rmrbQhrDZbtqlm03YnQg15OKvETzpP/GmXv0Pnk3aCLb1wcLb92aYmedFnCkwzQ9taXlldW29tFHe3Nre2dX39lsqjCWhNgl5KDseVpQzQW1gwGknkhQHHqdtb3SV++17KhULxR2MI+oEeCCYzwiGTHL1o16AYSiD5NZOq/VT9/erIiZSV6+YNXMCY5FYBamgAk1X/+71QxIHVADhWKmuZUbgJFgCI5ym5V6saITJCA9oN6MCB1Q5yeSK1DjJlL7hhzJ7AoyJ+rcjwYFS48DLKvMl1byXi/953Rj8CydhIoqBCjId5MfcgNDIIzH6TFICfJwRTCTLdjXIEEtMIAtuZgqw0cPMFUksGKg8KGs+lkXSqtcss2bdnFUal0VkJXSIjlEVWegcNdA1aiIbEfSIntALetWetTftXfucli5pRc8BmoH29QNnw6hy</latexit><latexit sha1_base64="/bkb746M93iaxMG+h3XHQYEb9gU=">AAACKXicbVBNS8NAEN34WetX1KMegkWol5IUQY9FLx4rmrbQhrDZbtqlm03YnQg15OKvETzpP/GmXv0Pnk3aCLb1wcLb92aYmedFnCkwzQ9taXlldW29tFHe3Nre2dX39lsqjCWhNgl5KDseVpQzQW1gwGknkhQHHqdtb3SV++17KhULxR2MI+oEeCCYzwiGTHL1o16AYSiD5NZOq/VT9/erIiZSV6+YNXMCY5FYBamgAk1X/+71QxIHVADhWKmuZUbgJFgCI5ym5V6saITJCA9oN6MCB1Q5yeSK1DjJlL7hhzJ7AoyJ+rcjwYFS48DLKvMl1byXi/953Rj8CydhIoqBCjId5MfcgNDIIzH6TFICfJwRTCTLdjXIEEtMIAtuZgqw0cPMFUksGKg8KGs+lkXSqtcss2bdnFUal0VkJXSIjlEVWegcNdA1aiIbEfSIntALetWetTftXfucli5pRc8BmoH29QNnw6hy</latexit> S =
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<latexit sha1_base64="9AQx3zfxvqQRoydR8KG4NBftylY="></latexit><latexit sha1_base64="9AQx3zfxvqQRoydR8KG4NBftylY="></latexit><latexit sha1_base64="9AQx3zfxvqQRoydR8KG4NBftylY="></latexit><latexit sha1_base64="9AQx3zfxvqQRoydR8KG4NBftylY="></latexit>

� = {�x,�y,�z}
<latexit sha1_base64="7H6TxGoDfKVArNcO9YzhwZoQLL8="></latexit><latexit sha1_base64="7H6TxGoDfKVArNcO9YzhwZoQLL8="></latexit><latexit sha1_base64="7H6TxGoDfKVArNcO9YzhwZoQLL8="></latexit><latexit sha1_base64="7H6TxGoDfKVArNcO9YzhwZoQLL8="></latexit>

Sz =
1

2

⇣
d†"d" � d†#d#

⌘

<latexit sha1_base64="IW+sVLeyWkNKNFGg7NNzqSFBPAs="></latexit><latexit sha1_base64="IW+sVLeyWkNKNFGg7NNzqSFBPAs="></latexit><latexit sha1_base64="IW+sVLeyWkNKNFGg7NNzqSFBPAs="></latexit><latexit sha1_base64="IW+sVLeyWkNKNFGg7NNzqSFBPAs="></latexit>

S+ = Sx + iSy = d†"d#
<latexit sha1_base64="OJFBNkuDB7e+33FRMWpZvKVOkM4="></latexit><latexit sha1_base64="OJFBNkuDB7e+33FRMWpZvKVOkM4="></latexit><latexit sha1_base64="OJFBNkuDB7e+33FRMWpZvKVOkM4="></latexit><latexit sha1_base64="OJFBNkuDB7e+33FRMWpZvKVOkM4="></latexit>

S� = Sx � iSy = d†#d"
<latexit sha1_base64="xFimhoC04V35KtOjuoGV5A+NHGA="></latexit><latexit sha1_base64="xFimhoC04V35KtOjuoGV5A+NHGA="></latexit><latexit sha1_base64="xFimhoC04V35KtOjuoGV5A+NHGA="></latexit><latexit sha1_base64="xFimhoC04V35KtOjuoGV5A+NHGA="></latexit>

Total spin: Stotal =
X

i

Si

<latexit sha1_base64="dBQMvSVyfr3hIJYVQf8Bq2k/3rU=">AAACPHicbVDJSgNBEO1xjXGLevTSGARPcUYEvQhBLx4jmgWSMPR0epIm3T1Dd40Qh/kMv0bwpB/h3Zt4zdnOcsjig4LHe1VU1QtiwQ247pezsrq2vrGZ28pv7+zu7RcODmsmSjRlVRqJSDcCYpjgilWBg2CNWDMiA8HqQf9u5NefmTY8Uk8wiFlbkq7iIacErOQXzluSQC8I08fMH1MtU4iAiAzf4JZJpM/xTAv3C0W35I6Bl4k3JUU0RcUvDFudiCaSKaCCGNP03BjaKdHAqWBZvpUYFhPaJ13WtFQRyUw7HT+W4VOrdHAYaVsK8FidnUiJNGYgA9s5utEseiPxP6+ZQHjdTrmKE2CKThaFicAQ4VFKuMM1oyAGlhCqub0V0x7RhILNcm4L8P7L3BdpojiYzAblLcayTGoXJc8teQ+XxfLtNLIcOkYn6Ax56AqV0T2qoCqi6BW9oQ/06bw7386P8ztpXXGmM0doDs7wD6HksKI=</latexit><latexit sha1_base64="dBQMvSVyfr3hIJYVQf8Bq2k/3rU=">AAACPHicbVDJSgNBEO1xjXGLevTSGARPcUYEvQhBLx4jmgWSMPR0epIm3T1Dd40Qh/kMv0bwpB/h3Zt4zdnOcsjig4LHe1VU1QtiwQ247pezsrq2vrGZ28pv7+zu7RcODmsmSjRlVRqJSDcCYpjgilWBg2CNWDMiA8HqQf9u5NefmTY8Uk8wiFlbkq7iIacErOQXzluSQC8I08fMH1MtU4iAiAzf4JZJpM/xTAv3C0W35I6Bl4k3JUU0RcUvDFudiCaSKaCCGNP03BjaKdHAqWBZvpUYFhPaJ13WtFQRyUw7HT+W4VOrdHAYaVsK8FidnUiJNGYgA9s5utEseiPxP6+ZQHjdTrmKE2CKThaFicAQ4VFKuMM1oyAGlhCqub0V0x7RhILNcm4L8P7L3BdpojiYzAblLcayTGoXJc8teQ+XxfLtNLIcOkYn6Ax56AqV0T2qoCqi6BW9oQ/06bw7386P8ztpXXGmM0doDs7wD6HksKI=</latexit><latexit sha1_base64="dBQMvSVyfr3hIJYVQf8Bq2k/3rU=">AAACPHicbVDJSgNBEO1xjXGLevTSGARPcUYEvQhBLx4jmgWSMPR0epIm3T1Dd40Qh/kMv0bwpB/h3Zt4zdnOcsjig4LHe1VU1QtiwQ247pezsrq2vrGZ28pv7+zu7RcODmsmSjRlVRqJSDcCYpjgilWBg2CNWDMiA8HqQf9u5NefmTY8Uk8wiFlbkq7iIacErOQXzluSQC8I08fMH1MtU4iAiAzf4JZJpM/xTAv3C0W35I6Bl4k3JUU0RcUvDFudiCaSKaCCGNP03BjaKdHAqWBZvpUYFhPaJ13WtFQRyUw7HT+W4VOrdHAYaVsK8FidnUiJNGYgA9s5utEseiPxP6+ZQHjdTrmKE2CKThaFicAQ4VFKuMM1oyAGlhCqub0V0x7RhILNcm4L8P7L3BdpojiYzAblLcayTGoXJc8teQ+XxfLtNLIcOkYn6Ax56AqV0T2qoCqi6BW9oQ/06bw7386P8ztpXXGmM0doDs7wD6HksKI=</latexit><latexit sha1_base64="dBQMvSVyfr3hIJYVQf8Bq2k/3rU=">AAACPHicbVDJSgNBEO1xjXGLevTSGARPcUYEvQhBLx4jmgWSMPR0epIm3T1Dd40Qh/kMv0bwpB/h3Zt4zdnOcsjig4LHe1VU1QtiwQ247pezsrq2vrGZ28pv7+zu7RcODmsmSjRlVRqJSDcCYpjgilWBg2CNWDMiA8HqQf9u5NefmTY8Uk8wiFlbkq7iIacErOQXzluSQC8I08fMH1MtU4iAiAzf4JZJpM/xTAv3C0W35I6Bl4k3JUU0RcUvDFudiCaSKaCCGNP03BjaKdHAqWBZvpUYFhPaJ13WtFQRyUw7HT+W4VOrdHAYaVsK8FidnUiJNGYgA9s5utEseiPxP6+ZQHjdTrmKE2CKThaFicAQ4VFKuMM1oyAGlhCqub0V0x7RhILNcm4L8P7L3BdpojiYzAblLcayTGoXJc8teQ+XxfLtNLIcOkYn6Ax56AqV0T2qoCqi6BW9oQ/06bw7386P8ztpXXGmM0doDs7wD6HksKI=</latexit>



Basis construction

|r; siN+1 = |riN ⌦ |s(N + 1)i
<latexit sha1_base64="jWfWvRFaXH03C7XPiB0biDY7t7U="></latexit><latexit sha1_base64="jWfWvRFaXH03C7XPiB0biDY7t7U="></latexit><latexit sha1_base64="jWfWvRFaXH03C7XPiB0biDY7t7U="></latexit><latexit sha1_base64="jWfWvRFaXH03C7XPiB0biDY7t7U="></latexit>



Hamiltonian matrix generation

HN+1(rs, r
0
s
0) = N+1hr; s|HN+1|r0; s0iN+1

<latexit sha1_base64="hb/xwDJnFmodvdSLyiJ5JmCDh/c="></latexit><latexit sha1_base64="hb/xwDJnFmodvdSLyiJ5JmCDh/c="></latexit><latexit sha1_base64="hb/xwDJnFmodvdSLyiJ5JmCDh/c="></latexit><latexit sha1_base64="hb/xwDJnFmodvdSLyiJ5JmCDh/c="></latexit>

HN+1 =
p
⇤HN +XN,N+1 + YN+1

<latexit sha1_base64="CniCUujc2L3axIe1IU/gx/OOwqw="></latexit><latexit sha1_base64="CniCUujc2L3axIe1IU/gx/OOwqw="></latexit><latexit sha1_base64="CniCUujc2L3axIe1IU/gx/OOwqw="></latexit><latexit sha1_base64="CniCUujc2L3axIe1IU/gx/OOwqw="></latexit>



Matrix diagonalisation

- Full diagonalisation with dsyev/zheev
- Partial diagonalisations with dsyevr/zheevr

Largest amount of the processor time spent here!



Truncation

rescaling



Characteristic energy scale

�̄ ⇠ 1



Energy-scale separation

Energy scales are locally coupled





•Number of states:
– 4N (single-channel – impurity couples to a single continuum 
of conduction band states)
–16N (two-channel – two different continuums)
•We only keep states up to some cut-off energy, or 
some finite number of states (few 1000): good 
approximation!



Recalculation of operators
<latexit sha1_base64="71WJBt3sFWlO5opjqenYXkInzOw=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUlDIjvkCEohtXUsFpC50yZNJMG5rJDEnGUqb9Ejf+ihsXigiu9G9M21nY6oHA4ZxzubnHixiVyjS/jczc/MLiUnY5t7K6tr6R39yqyjAWmNg4ZKGoe0gSRjmxFVWM1CNBUOAxUvO61yO/9kCEpCG/V/2INAPU5tSnGCktufmTQc8RiLcZcZPbA2sIL6Ej48BNhBxCu9g7FHIfDsSFnEq5+YJZMseAf4mVkgJIUXHzn04rxHFAuMIMSdmwzEg1EyQUxYwMc04sSYRwF7VJQ1OOAiKbyfi8IdzTSgv6odCPKzhWf08kKJCyH3g6GSDVkbPeSPzPa8TKP28mlEexIhxPFvkxgyqEo65giwqCFetrgrCg+q8Qd5BAWOlGc7oEa/bkv6R6VLJOS9bdcaF8ldaRBTtgFxSBBc5AGdyACrABBo/gGbyCN+PJeDHejY9JNGOkM9tgCsbXDxmQodY=</latexit>

|wiN+1 =
X

rs

U(w, rs)|r; siN+1

<latexit sha1_base64="2QKg9+3rkFK8MpvYgvIbfGEIyuQ="></latexit>

hw|O|w0iN+1 =
X

rs,r0s0

U
⇤(w, rs)U(w0

, rs
0)hrs|O|r0s0iN+1

=
X

s

X

rr0

U
⇤(w, rs)O(N)

rr0 U(w0
, r

0
s)



Wigner-Eckart theorem

O is a spherical tensor
operator of rank M if:

For a more general treatment of non-Abelian symmetries in NRG, see
A. I. Toth, C. P. Moca, O. Legeza, G. Zarand, PRB  78, 245109 (2008),
A. Weichselbaum, Annals of Physics 327, 2972-3047 (2012).



Recalculation of operators

With symmetries:

<latexit sha1_base64="71WJBt3sFWlO5opjqenYXkInzOw=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUlDIjvkCEohtXUsFpC50yZNJMG5rJDEnGUqb9Ejf+ihsXigiu9G9M21nY6oHA4ZxzubnHixiVyjS/jczc/MLiUnY5t7K6tr6R39yqyjAWmNg4ZKGoe0gSRjmxFVWM1CNBUOAxUvO61yO/9kCEpCG/V/2INAPU5tSnGCktufmTQc8RiLcZcZPbA2sIL6Ej48BNhBxCu9g7FHIfDsSFnEq5+YJZMseAf4mVkgJIUXHzn04rxHFAuMIMSdmwzEg1EyQUxYwMc04sSYRwF7VJQ1OOAiKbyfi8IdzTSgv6odCPKzhWf08kKJCyH3g6GSDVkbPeSPzPa8TKP28mlEexIhxPFvkxgyqEo65giwqCFetrgrCg+q8Qd5BAWOlGc7oEa/bkv6R6VLJOS9bdcaF8ldaRBTtgFxSBBc5AGdyACrABBo/gGbyCN+PJeDHejY9JNGOkM9tgCsbXDxmQodY=</latexit>

|wiN+1 =
X

rs

U(w, rs)|r; siN+1

<latexit sha1_base64="2QKg9+3rkFK8MpvYgvIbfGEIyuQ="></latexit>

hw|O|w0iN+1 =
X

rs,r0s0

U
⇤(w, rs)U(w0

, rs
0)hrs|O|r0s0iN+1

=
X

s

X

rr0

U
⇤(w, rs)O(N)

rr0 U(w0
, r

0
s)



Part 3: analysis of results







Ground state and excited states

H| ni = En| ni

Z = Tr
⇥
e��H

⇤
=

X

n

e��En � =
1

kBT

thermodynamics:

dynamics: x(t) =

Z t

�1
�(t� t0)h(t0) dt

�(t� t0) = �ih[A(t), B(t0)]i

Kubo formalism, linear response



Green’s functions - review

GAB(t) = hhA;Biit := �i✓(t)h[A(t), B(0)]±i
+	if	A	and	B	are	fermionic	operators	
-	if	A	and	B	are	bosonic	operators	

A(t) = eiHtAe�iHt

hÔi = Tr
h
⇢Ô

i
⇢ =

e��H

Z

Heisenberg representation:

canonical: grand canonical:

Z = Tr[e��H ]
<latexit sha1_base64="RTE+WlslafBX8lcsNWjj6aYQ4Us=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBxnAngjZC0CZlhHzh5Qx7m7lkye7dsbsnhCOFjX/FxkIRW3+Enf/GTXKFJj4YeLw3w8w8P+ZMadv+tnIrq2vrG/nNwtb2zu5ecf+gpaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3RzdRvP4BULAobehyDJ8ggZAGjRBupVyzdXXUF0UMp0oacuHCfnnZ90ATXJl6vWLYr9gx4mTgZKaMM9V7xq9uPaCIg1JQTpVzHjrWXEqkZ5TApdBMFMaEjMgDX0JAIUF46e2KCj43Sx0EkTYUaz9TfEykRSo2FbzqnB6tFbyr+57mJDi69lIVxoiGk80VBwrGO8DQR3GcSqOZjQwiVzNyK6ZBIQrXJrWBCcBZfXiats4pjV5zb83L1Oosjj0roCJ0gB12gKqqhOmoiih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7A+fwBzvpfz</latexit><latexit sha1_base64="RTE+WlslafBX8lcsNWjj6aYQ4Us=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBxnAngjZC0CZlhHzh5Qx7m7lkye7dsbsnhCOFjX/FxkIRW3+Enf/GTXKFJj4YeLw3w8w8P+ZMadv+tnIrq2vrG/nNwtb2zu5ecf+gpaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3RzdRvP4BULAobehyDJ8ggZAGjRBupVyzdXXUF0UMp0oacuHCfnnZ90ATXJl6vWLYr9gx4mTgZKaMM9V7xq9uPaCIg1JQTpVzHjrWXEqkZ5TApdBMFMaEjMgDX0JAIUF46e2KCj43Sx0EkTYUaz9TfEykRSo2FbzqnB6tFbyr+57mJDi69lIVxoiGk80VBwrGO8DQR3GcSqOZjQwiVzNyK6ZBIQrXJrWBCcBZfXiats4pjV5zb83L1Oosjj0roCJ0gB12gKqqhOmoiih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7A+fwBzvpfz</latexit><latexit sha1_base64="RTE+WlslafBX8lcsNWjj6aYQ4Us=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBxnAngjZC0CZlhHzh5Qx7m7lkye7dsbsnhCOFjX/FxkIRW3+Enf/GTXKFJj4YeLw3w8w8P+ZMadv+tnIrq2vrG/nNwtb2zu5ecf+gpaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3RzdRvP4BULAobehyDJ8ggZAGjRBupVyzdXXUF0UMp0oacuHCfnnZ90ATXJl6vWLYr9gx4mTgZKaMM9V7xq9uPaCIg1JQTpVzHjrWXEqkZ5TApdBMFMaEjMgDX0JAIUF46e2KCj43Sx0EkTYUaz9TfEykRSo2FbzqnB6tFbyr+57mJDi69lIVxoiGk80VBwrGO8DQR3GcSqOZjQwiVzNyK6ZBIQrXJrWBCcBZfXiats4pjV5zb83L1Oosjj0roCJ0gB12gKqqhOmoiih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7A+fwBzvpfz</latexit><latexit sha1_base64="RTE+WlslafBX8lcsNWjj6aYQ4Us=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBxnAngjZC0CZlhHzh5Qx7m7lkye7dsbsnhCOFjX/FxkIRW3+Enf/GTXKFJj4YeLw3w8w8P+ZMadv+tnIrq2vrG/nNwtb2zu5ecf+gpaJEUmjSiEey4xMFnIXQ1Exz6MQSiPA5tP3RzdRvP4BULAobehyDJ8ggZAGjRBupVyzdXXUF0UMp0oacuHCfnnZ90ATXJl6vWLYr9gx4mTgZKaMM9V7xq9uPaCIg1JQTpVzHjrWXEqkZ5TApdBMFMaEjMgDX0JAIUF46e2KCj43Sx0EkTYUaz9TfEykRSo2FbzqnB6tFbyr+57mJDi69lIVxoiGk80VBwrGO8DQR3GcSqOZjQwiVzNyK6ZBIQrXJrWBCcBZfXiats4pjV5zb83L1Oosjj0roCJ0gB12gKqqhOmoiih7RM3pFb9aT9WK9Wx/z1pyVzRyiP7A+fwBzvpfz</latexit>

Z = Tr[e��K ]
<latexit sha1_base64="EF1CPghkXPLC//JimMU70ufBKBw=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEbAy7ImgjBG0Emwi54WYNs5OzyZCZ3WVmVgjLPoGNr2JjoYittZ1v4+RSaOIPAx//OYc55/djzpS27W8rt7S8srqWXy9sbG5t7xR395oqSiSFBo14JNs+UcBZCA3NNId2LIEIn0PLH16N660HkIpFYV2PYvAE6YcsYJRoY3WL5Y4gekAJT++yiwlLkdZl5sJ9etzxQRN8k3ndYsmu2BPhRXBmUEIz1brFr04voomAUFNOlHIdO9ZeSqRmlENW6CQKYkKHpA+uwZAIUF46OSfDZeP0cBBJ80KNJ+7viZQIpUbCN53jhdV8bWz+V3MTHZx7KQvjRENIpx8FCcc6wuNscI9JoJqPDBAqmdkV0wGRhGqTYMGE4MyfvAjNk4pjV5zb01L1chZHHh2gQ3SEHHSGquga1VADUfSIntErerOerBfr3fqYtuas2cw++iPr8wfFxJyI</latexit><latexit sha1_base64="EF1CPghkXPLC//JimMU70ufBKBw=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEbAy7ImgjBG0Emwi54WYNs5OzyZCZ3WVmVgjLPoGNr2JjoYittZ1v4+RSaOIPAx//OYc55/djzpS27W8rt7S8srqWXy9sbG5t7xR395oqSiSFBo14JNs+UcBZCA3NNId2LIEIn0PLH16N660HkIpFYV2PYvAE6YcsYJRoY3WL5Y4gekAJT++yiwlLkdZl5sJ9etzxQRN8k3ndYsmu2BPhRXBmUEIz1brFr04voomAUFNOlHIdO9ZeSqRmlENW6CQKYkKHpA+uwZAIUF46OSfDZeP0cBBJ80KNJ+7viZQIpUbCN53jhdV8bWz+V3MTHZx7KQvjRENIpx8FCcc6wuNscI9JoJqPDBAqmdkV0wGRhGqTYMGE4MyfvAjNk4pjV5zb01L1chZHHh2gQ3SEHHSGquga1VADUfSIntErerOerBfr3fqYtuas2cw++iPr8wfFxJyI</latexit><latexit sha1_base64="EF1CPghkXPLC//JimMU70ufBKBw=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEbAy7ImgjBG0Emwi54WYNs5OzyZCZ3WVmVgjLPoGNr2JjoYittZ1v4+RSaOIPAx//OYc55/djzpS27W8rt7S8srqWXy9sbG5t7xR395oqSiSFBo14JNs+UcBZCA3NNId2LIEIn0PLH16N660HkIpFYV2PYvAE6YcsYJRoY3WL5Y4gekAJT++yiwlLkdZl5sJ9etzxQRN8k3ndYsmu2BPhRXBmUEIz1brFr04voomAUFNOlHIdO9ZeSqRmlENW6CQKYkKHpA+uwZAIUF46OSfDZeP0cBBJ80KNJ+7viZQIpUbCN53jhdV8bWz+V3MTHZx7KQvjRENIpx8FCcc6wuNscI9JoJqPDBAqmdkV0wGRhGqTYMGE4MyfvAjNk4pjV5zb01L1chZHHh2gQ3SEHHSGquga1VADUfSIntErerOerBfr3fqYtuas2cw++iPr8wfFxJyI</latexit><latexit sha1_base64="EF1CPghkXPLC//JimMU70ufBKBw=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEbAy7ImgjBG0Emwi54WYNs5OzyZCZ3WVmVgjLPoGNr2JjoYittZ1v4+RSaOIPAx//OYc55/djzpS27W8rt7S8srqWXy9sbG5t7xR395oqSiSFBo14JNs+UcBZCA3NNId2LIEIn0PLH16N660HkIpFYV2PYvAE6YcsYJRoY3WL5Y4gekAJT++yiwlLkdZl5sJ9etzxQRN8k3ndYsmu2BPhRXBmUEIz1brFr04voomAUFNOlHIdO9ZeSqRmlENW6CQKYkKHpA+uwZAIUF46OSfDZeP0cBBJ80KNJ+7viZQIpUbCN53jhdV8bWz+V3MTHZx7KQvjRENIpx8FCcc6wuNscI9JoJqPDBAqmdkV0wGRhGqTYMGE4MyfvAjNk4pjV5zb01L1chZHHh2gQ3SEHHSGquga1VADUfSIntErerOerBfr3fqYtuas2cw++iPr8wfFxJyI</latexit>

⇢ =
e��K

Z
<latexit sha1_base64="GEE6+CbDrnulPLuJGMMs/4tVVzU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIRdCMU3QhuKtgHNrFMpjft0MmDmYlQQr7Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57vJgzqSzr21hYXFpeWS2tldc3Nre2zZ3dlowSQaFJIx6JjkckcBZCUzHFoRMLIIHHoe2NLnO//QBCsii8VeMY3IAMQuYzSpSWembVEcPo3PEFoSncp0eOB4rg6yxLnYCoISU8vcuynlmxatYEeJ7YBamgAo2e+eX0I5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOnknw1Wt9LEfCV2hwhP190RKAinHgac78xvlrJeL/3ndRPlnbsrCOFEQ0ukiP+FYRTjPBveZAKr4WBNCBdO3YjokOhqlEyzrEOzZl+dJ67hmWzX75qRSvyjiKKF9dIAOkY1OUR1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4ACAmcug==</latexit><latexit sha1_base64="GEE6+CbDrnulPLuJGMMs/4tVVzU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIRdCMU3QhuKtgHNrFMpjft0MmDmYlQQr7Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57vJgzqSzr21hYXFpeWS2tldc3Nre2zZ3dlowSQaFJIx6JjkckcBZCUzHFoRMLIIHHoe2NLnO//QBCsii8VeMY3IAMQuYzSpSWembVEcPo3PEFoSncp0eOB4rg6yxLnYCoISU8vcuynlmxatYEeJ7YBamgAo2e+eX0I5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOnknw1Wt9LEfCV2hwhP190RKAinHgac78xvlrJeL/3ndRPlnbsrCOFEQ0ukiP+FYRTjPBveZAKr4WBNCBdO3YjokOhqlEyzrEOzZl+dJ67hmWzX75qRSvyjiKKF9dIAOkY1OUR1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4ACAmcug==</latexit><latexit sha1_base64="GEE6+CbDrnulPLuJGMMs/4tVVzU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIRdCMU3QhuKtgHNrFMpjft0MmDmYlQQr7Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57vJgzqSzr21hYXFpeWS2tldc3Nre2zZ3dlowSQaFJIx6JjkckcBZCUzHFoRMLIIHHoe2NLnO//QBCsii8VeMY3IAMQuYzSpSWembVEcPo3PEFoSncp0eOB4rg6yxLnYCoISU8vcuynlmxatYEeJ7YBamgAo2e+eX0I5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOnknw1Wt9LEfCV2hwhP190RKAinHgac78xvlrJeL/3ndRPlnbsrCOFEQ0ukiP+FYRTjPBveZAKr4WBNCBdO3YjokOhqlEyzrEOzZl+dJ67hmWzX75qRSvyjiKKF9dIAOkY1OUR1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4ACAmcug==</latexit><latexit sha1_base64="GEE6+CbDrnulPLuJGMMs/4tVVzU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIRdCMU3QhuKtgHNrFMpjft0MmDmYlQQr7Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57vJgzqSzr21hYXFpeWS2tldc3Nre2zZ3dlowSQaFJIx6JjkckcBZCUzHFoRMLIIHHoe2NLnO//QBCsii8VeMY3IAMQuYzSpSWembVEcPo3PEFoSncp0eOB4rg6yxLnYCoISU8vcuynlmxatYEeJ7YBamgAo2e+eX0I5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOnknw1Wt9LEfCV2hwhP190RKAinHgac78xvlrJeL/3ndRPlnbsrCOFEQ0ukiP+FYRTjPBveZAKr4WBNCBdO3YjokOhqlEyzrEOzZl+dJ67hmWzX75qRSvyjiKKF9dIAOkY1OUR1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4ACAmcug==</latexit>

K = H � µN
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A(t) = eiKtAe�iKt
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Green’s function in frequency domain

GAB(z) = hhA;Biiz =

Z 1

0
dteizthhA;Biit, =z > 0

GAB(t) =
1

2⇡

Z +1

�1
d!e�i(!+i�)tGAB(! + i�)

Laplace transformation:

Inverse Laplace transformation:

Impurity Green's function (for SIAM):

G(z) = hhd; d†iiz



Spectral decomposition

C>
AB = hA(t)BiCorrelation functions: C<

AB = hBA(t)i

C>,<
AB (!) =

Z 1

�1
ei!tC>,<

AB (t)

GAB(t) = �i✓(t)(C>
AB(t) + ✏C<

AB(t))
e=+1 if A and B are fermionic, otherwise e=-1.

GAB(z) =

Z 1

�1
d!

⇢AB(!)

z � !

⇢AB(!) =
1

2⇡

�
C>

AB(!) + C<
AB(!)

�
e

Spectral representation:

Spectral function:



Lehmann representation

C>

AB
(t) = heiHtAe�iHtBi =

X

nm

pnAnmBmne
i(En�Em)t

pn = e��En

C>
AB(!) =

X

nm

pnAnmBmn2⇡�(! + En � Em)

C<
AB(!) =

X

nm

pmAnmBmn2⇡�(! + En � Em)

G00
AB(!) = �⇡

X

nm

pnAnmBmn�(! + En � Em)
⇣
1 + ✏e��!

⌘

⇢AB(!) = � 1

⇡
G00

AB(!)
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Lehmann representation for 
impurity spectral function

A(!) =
X

nm

��hm|d†|ni
��2 �(! � Em � En)

e��Em + e��En

Z



Frota, Oliveira, PRB 33, 7871 (1986), Costi, Hewson, Zlatić, JPCM 6, 2519 (1994)



Anatomy of impurity Green’s function

G(z) =
1

z � ✏��(z)� ⌃(z)
<latexit sha1_base64="rGS/PLd+PgkELnhynofeHlY3JIY="></latexit><latexit sha1_base64="rGS/PLd+PgkELnhynofeHlY3JIY="></latexit><latexit sha1_base64="rGS/PLd+PgkELnhynofeHlY3JIY="></latexit><latexit sha1_base64="rGS/PLd+PgkELnhynofeHlY3JIY="></latexit>

hybridisation function self-energy function



Hybridisation function

�(z) =
X

k

|Vk|2
1

z � ✏k
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Hybridization function fully describes the effect of the 
conduction band on the impurity.  

This is possible because the band is non-interacting.



hybridisation function for flat band

�(z) =
�

2⇡
ln

z + 1

z � 1
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Self-energy

Self-energy function describes the effect of the local interaction 
on the impurity at the level of single-particle excitations. 

⌃(!) =
hh[d,Himp]; d†ii

hhd; d†ii
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⌃�(!) =
hhUn�̄d�; d†�ii
hhd�; d†�ii
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SIAM:



Im S - quadratic

Re S - linear

Σ at low frequencies

Characteristic behavior of Fermi-liquid systems.

Im⌃(!, T ) = a(!2 + ⇡2T 2) + b!3 + c!T 2 + . . .
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✏z1 = D

✏zj = D⇤2�j�z

z 2 (0 : 1]

Frota, Oliveira, PRB 33, 7871 (1986)
Oliveira, Oliveira, PRB 49, 11986 (1994)

z-averaging

works best for Nz=2N

similar to twist averaging over different
boundary conditions in finite clusters

to reduce the finite-size effects  
(better k-space sampling)



Discretization schemes

1) Conventional scheme

Ez
j =

R
Ij
⇢(✏) ✏ d✏

R
Ij
⇢(✏)d✏

2) Campo-Oliveira scheme

Ez
j =

R
Ij
⇢(✏)d✏

R
Ij
⇢(✏) 1✏ d✏

Chen, Jayaprakash, JPCM 7, L491 (1995)
Ingersent, PRB 54, 11936 (1996)
Bulla, Pruschke, Hewson, JPCM 9, 10463 (1997)

Campo, Oliveira, PRB 72, 104432 (2005)

A⇤ =
1

2

1 + 1/⇤

1� 1/⇤
ln⇤

A⇤ ⇡ 1.04 for ⇤ = 2
A⇤ ⇡ 1.16 for ⇤ = 4

Ez
j : representative energy

for interval Ij = [✏zj+1 : ✏zj ]



⇢(!) = ⇢0

r
1�

⇣ !

D

⌘2



Spectral function of the first 
site of the Wilson chain

Campo, Oliveira, PRB 72, 104432 (2005)

Flat band:

Generally: Af0(!) =

R
Ij
⇢(✏)d✏

|dEz
j /dz|
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Can we do better?

Yes! We demand Af0(!) = ⇢(!)

R
Ij
⇢(✏)d✏

|dEz
j /dz|

= ⇢(!)

x = j + z E(x) = Df(x)⇤2�x

df(x)

dx
= ln⇤ f(x)�

R ✏(x)
✏(x+1) ⇢(!)d!

⇤2�x⇢[E(x)]

R. Žitko, Th. Pruschke, PRB 79, 085106 (2009) 
R. Žitko, Comput. Phys. Comm. 180, 1271 (2009)



High-resolution spectra

Hubbard model







Choice of Λ



Density-matrix NRG

Problem:	Higher-energy	parts	of	the	spectra	calculated	
without	knowing	the	true	ground	state	of	the	system	

Solu?on:		
1)	Compute	the	density	matrix	at	the	temperature	of	interest.	
It	contains	full	informa?on	about	the	ground	state.		

2)	Evaluate	the	spectral	func?on	in	an	addi?onal	NRG	run	
using	the	reduced	density	matrix	instead	of	the	simple	
Boltzmann	weights.	



W. Hofstetter, PRL 2000

DMNRG for non-Abelian symmetries: Zitko, Bonca, PRB 2006

⇢̂ =
X

m1,m2,n1,n2

⇢m1n1m2n2 |m1ienv|n1isys hn2|hm2|

⇢̂red =
X

n1,n2

⇢redn1n2
|n1isys hn2| ⇢redn1n2

=
X

m

⇢mn1,mn2

T = 0 ! ⇢ = |0ih0|
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Spectral function computed as:

W. Hofstetter, PRL 2000



Big problems

• orbital degeneracy: big local Hilbert space, big 
Hilbert space at each shell of Wilson chains

• multiple quantum dots with multiple 
conduction leads

• lack of symmetry: diagonalization of big 
matrices scales as N3



Recalculation of operators

Important to be efficiently implemented! We use BLAS routine GEMM (general matrix multiply). (GEMM from 
Intel MKL library has >80% efficiency on Xeon processors.)



Parallelization

• Make use of multithreaded LAPACK routines, e.g. Intel MKL. 
Controlled by environment variables MKL_NUMTHREADS, 
MKL_DYNAMIC. Diagonalisation does not scale linearly, but the 
speed-up is substantial.

• Run diagonalisations in parallel using multithreading (OpenMP) on 
the same compute node, or using message-passing (MPI) across 
several compute nodes.

Note: nested OpenMP parallelism needs to be enabled using OMP_NESTED=TRUE.
Often difficult to make it work (segmentation faults).



NRG Ljubljana 2.4.3.31 - (c) Rok Zitko <rok.zitko@ijs.si>
Timestamp: Mon Nov 13 12:55:52 2017
Compiled on Aug 14 2018 at 10:37:37
Compiled-in symmetry types: ANYJ DBLISOSZ DBLSU2 ISO ISO2 ISO2LR 
ISOLR ISOSZ ISOSZLR NONE P PP QJ QS QSC3 QSLR QST QSTZ QSZ QSZLR 
QSZTZ SL SL3 SPSU2 SPSU2C

No MPI: single node calculation.

[OMP] Max. number of threads: 1
[OMP] Number of processors: 32
[OMP] Dynamic thread adjustment: 0
[OMP] Nested parallelism: 0

Using Intel MKL library 11.3.2
Processor optimization: Intel(R) Advanced Vector Extensions 2 
(Intel(R) AVX2) enabled processors
max_threads=8 blas_max_threads=8 dynamic=0

log

8
 export MKL_NUM_THREADS=8
 export MKL_DYNAMIC=FALSE
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Matrix dimensions in different 
invariant subspaces.



Conclusion: up to ~5-6 simultaneous diagonalisations.



Master-slave strategy

1. Master delegates diagonalisations of large 
matrices to slave nodes.
2. Master diagonalizes small matrices locally.

masterslaves

controller agent



Real vs. complex numerics

Choice depends on the Hamiltonian  
and all operators of interest.

Examples: 
- magnetic field along the y-axis
- two superconducting leads with phase difference
- calculations of transverse magnetic susceptibility

Significant (almost an order of magnitude) 
difference in performance!


