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Contents and goals

• quantum impurity physics

• many-body effects (Kondo)

• numerical renormalization group 
(NRG)

• tensor networks & DMRG

• superconducting systems and sub-gap 
states 

• "NRG Ljubljana" implementation

• DMRG for Richardson's equation 

• other impurity solvers (e.g. quantum 
Monte Carlo)

• computer algebra in Mathematica 
(SNEG)

• linear algebra, C++, HPC, 
parallelization issues,...
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Precompiled codes

http://f1web.ijs.si/~zitko/containers/singularity_for_CPH/

Singularity containers (OS-level virtualization)

foss-2020a.sif  container (CentOS 7.7 + all libraries)
nrgljubljana/  two versions of NRG code
tensor/  DMRG code for Richardson model
ctqmc/ CT-HYB QMC code

http://f1web.ijs.si/~zitko/containers/singularity_for_CPH/


Materials

http://f1web.ijs.si/~zitko/courses/2021_CPH/

Presentations + examples

http://f1web.ijs.si/~zitko/courses/2021_CPH/


Quantum impurity

• point-like object with a local degree of freedom  
example: spin & orbital angular momentum of a 
magnetic dopant atom

• environment = continuum of states 
example: itinerant electrons in a metal

• interaction that can change the value of local d.o.f. 
example: exchange coupling & spin-flip scattering



spin-boson model
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model for studying decoherence and quantum dissipation

U. Weiss: Quantum dissipative systems (3rd ed, 2008)



Kondo model
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2
� quantum-mechanical spin operator

spin-density (at r=0)

H = Hband +Hexch

Hexch = J S · s

exchange 
coupling

Fermi sea: gas of  
non-interacting electrons
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(Zener, 1951)



Single-Impurity Anderson model
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Emergence of local moment in SIAM

EF

ed+U>0

ed ed<0

Nobel prize in 1977 (with Mott and Van Vleck): "for their fundamental theoretical 
investigations of the electronic structure of magnetic and disordered systems." 
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Schrieffer-Wolff transformation

EF

ε<0

ε+U>0

Γ

δ=0 is a special “particle-hole symmetric point” with 〈n〉=1

� = ✏+ U/2

Schrieffer, Wolff, Phys. Rev. (1966)
Bravyi, DiVincenzo, Loss,  Ann. Phys. (2011)



(Quantum-mechanical) spin
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Spin-1/2

S =
1

2
�

<latexit sha1_base64="Ty55c/zzs6uuZMBGmBuqsw6bw4Y="></latexit><latexit sha1_base64="Ty55c/zzs6uuZMBGmBuqsw6bw4Y="></latexit><latexit sha1_base64="Ty55c/zzs6uuZMBGmBuqsw6bw4Y="></latexit><latexit sha1_base64="Ty55c/zzs6uuZMBGmBuqsw6bw4Y="></latexit>

�x =

✓
0 1
1 0

◆

<latexit sha1_base64="PmJqrbbQ+QsiVqvfIROxu293o50="></latexit><latexit sha1_base64="PmJqrbbQ+QsiVqvfIROxu293o50="></latexit><latexit sha1_base64="PmJqrbbQ+QsiVqvfIROxu293o50="></latexit><latexit sha1_base64="PmJqrbbQ+QsiVqvfIROxu293o50="></latexit>

�y =

✓
0 �i
i 0

◆

<latexit sha1_base64="7OiITjBf9M+aJXIzWTcAEzloVqE="></latexit><latexit sha1_base64="7OiITjBf9M+aJXIzWTcAEzloVqE="></latexit><latexit sha1_base64="7OiITjBf9M+aJXIzWTcAEzloVqE="></latexit><latexit sha1_base64="7OiITjBf9M+aJXIzWTcAEzloVqE="></latexit>

�z =

✓
1 0
0 �1

◆

<latexit sha1_base64="D3+AtcsCfxBHCuzxqkJXhblVfqM="></latexit><latexit sha1_base64="D3+AtcsCfxBHCuzxqkJXhblVfqM="></latexit><latexit sha1_base64="D3+AtcsCfxBHCuzxqkJXhblVfqM="></latexit><latexit sha1_base64="D3+AtcsCfxBHCuzxqkJXhblVfqM="></latexit>

S =
1

2

⇣
d†" d†#

⌘
�

✓
d"
d#

◆

<latexit sha1_base64="HI0AJ6yGzVV31/Gf1gBE8mIPr/U="></latexit><latexit sha1_base64="HI0AJ6yGzVV31/Gf1gBE8mIPr/U="></latexit><latexit sha1_base64="HI0AJ6yGzVV31/Gf1gBE8mIPr/U="></latexit><latexit sha1_base64="HI0AJ6yGzVV31/Gf1gBE8mIPr/U="></latexit>

S+ = d†"d#
<latexit sha1_base64="IMaBw0MGhqFHD/dSR7Tce42bVq4=">AAACMHicbVDLSgMxFM3UV62vqks3wSIIQpkRQTdC0Y3LivYB7bRkMmkbmskMyR1LHfoBfo3gSv9EV+LWD3BtOu3Cth4InHvuPdzc40WCa7DtDyuztLyyupZdz21sbm3v5Hf3qjqMFWUVGopQ1T2imeCSVYCDYPVIMRJ4gtW8/vW4X3tgSvNQ3sMwYm5AupJ3OCVgpHa+cNc6wZfYbzV90m0344goFQ6w32764UCmRc5M2UU7BV4kzpQU0BTldv7HuGkcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGoZKEjDtJukxI3xkFB93QmWeBJyqfx0JCbQeBp6ZDAj09HxvLP7Xa8TQuXATLqMYmKSTRZ1YYAjxOBnsc8UoiKEhhCpu/oppjyhCweQ3swV4/3HmiiSWHPTIBOXMx7JIqqdFxy46t2eF0tU0siw6QIfoGDnoHJXQDSqjCqLoCT2jV/RmvVjv1qf1NRnNWFPPPpqB9f0LUhmqVA==</latexit><latexit sha1_base64="IMaBw0MGhqFHD/dSR7Tce42bVq4=">AAACMHicbVDLSgMxFM3UV62vqks3wSIIQpkRQTdC0Y3LivYB7bRkMmkbmskMyR1LHfoBfo3gSv9EV+LWD3BtOu3Cth4InHvuPdzc40WCa7DtDyuztLyyupZdz21sbm3v5Hf3qjqMFWUVGopQ1T2imeCSVYCDYPVIMRJ4gtW8/vW4X3tgSvNQ3sMwYm5AupJ3OCVgpHa+cNc6wZfYbzV90m0344goFQ6w32764UCmRc5M2UU7BV4kzpQU0BTldv7HuGkcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGoZKEjDtJukxI3xkFB93QmWeBJyqfx0JCbQeBp6ZDAj09HxvLP7Xa8TQuXATLqMYmKSTRZ1YYAjxOBnsc8UoiKEhhCpu/oppjyhCweQ3swV4/3HmiiSWHPTIBOXMx7JIqqdFxy46t2eF0tU0siw6QIfoGDnoHJXQDSqjCqLoCT2jV/RmvVjv1qf1NRnNWFPPPpqB9f0LUhmqVA==</latexit><latexit sha1_base64="IMaBw0MGhqFHD/dSR7Tce42bVq4=">AAACMHicbVDLSgMxFM3UV62vqks3wSIIQpkRQTdC0Y3LivYB7bRkMmkbmskMyR1LHfoBfo3gSv9EV+LWD3BtOu3Cth4InHvuPdzc40WCa7DtDyuztLyyupZdz21sbm3v5Hf3qjqMFWUVGopQ1T2imeCSVYCDYPVIMRJ4gtW8/vW4X3tgSvNQ3sMwYm5AupJ3OCVgpHa+cNc6wZfYbzV90m0344goFQ6w32764UCmRc5M2UU7BV4kzpQU0BTldv7HuGkcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGoZKEjDtJukxI3xkFB93QmWeBJyqfx0JCbQeBp6ZDAj09HxvLP7Xa8TQuXATLqMYmKSTRZ1YYAjxOBnsc8UoiKEhhCpu/oppjyhCweQ3swV4/3HmiiSWHPTIBOXMx7JIqqdFxy46t2eF0tU0siw6QIfoGDnoHJXQDSqjCqLoCT2jV/RmvVjv1qf1NRnNWFPPPpqB9f0LUhmqVA==</latexit><latexit sha1_base64="IMaBw0MGhqFHD/dSR7Tce42bVq4=">AAACMHicbVDLSgMxFM3UV62vqks3wSIIQpkRQTdC0Y3LivYB7bRkMmkbmskMyR1LHfoBfo3gSv9EV+LWD3BtOu3Cth4InHvuPdzc40WCa7DtDyuztLyyupZdz21sbm3v5Hf3qjqMFWUVGopQ1T2imeCSVYCDYPVIMRJ4gtW8/vW4X3tgSvNQ3sMwYm5AupJ3OCVgpHa+cNc6wZfYbzV90m0344goFQ6w32764UCmRc5M2UU7BV4kzpQU0BTldv7HuGkcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGoZKEjDtJukxI3xkFB93QmWeBJyqfx0JCbQeBp6ZDAj09HxvLP7Xa8TQuXATLqMYmKSTRZ1YYAjxOBnsc8UoiKEhhCpu/oppjyhCweQ3swV4/3HmiiSWHPTIBOXMx7JIqqdFxy46t2eF0tU0siw6QIfoGDnoHJXQDSqjCqLoCT2jV/RmvVjv1qf1NRnNWFPPPpqB9f0LUhmqVA==</latexit>

S� = d†#d"
<latexit sha1_base64="57541ftK1Q9nKs9xTLEZpm5INTk=">AAACMHicbVDLSgMxFM3UV62vqks3wSK4scyIoBuh6MZlRfuAdloymbQNzWSG5I6lDv0Av0ZwpX+iK3HrB7g2nXZhWy8EDuece2/u8SLBNdj2h5VZWl5ZXcuu5zY2t7Z38rt7VR3GirIKDUWo6h7RTHDJKsBBsHqkGAk8wWpe/3qs1x6Y0jyU9zCMmBuQruQdTgkYqp0v3LVO8CX2W02fdNtNPxxIolQ4wH67GUcpzBmXXbTTwovAmYICmla5nf8xg2gcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGgZKEjDtJukxI3xkGB93QmWeBJyyfzsSEmg9DDzjDAj09Lw2Jv/TGjF0LtyEyygGJulkUScWGEI8Tgb7XDEKYmgAoYqbv2LaI4pQMPnNbAHef5y5IoklBz0yQTnzsSyC6mnRsYvO7VmhdDWNLIsO0CE6Rg46RyV0g8qogih6Qs/oFb1ZL9a79Wl9TawZa9qzj2bK+v4FVhyqVg==</latexit><latexit sha1_base64="57541ftK1Q9nKs9xTLEZpm5INTk=">AAACMHicbVDLSgMxFM3UV62vqks3wSK4scyIoBuh6MZlRfuAdloymbQNzWSG5I6lDv0Av0ZwpX+iK3HrB7g2nXZhWy8EDuece2/u8SLBNdj2h5VZWl5ZXcuu5zY2t7Z38rt7VR3GirIKDUWo6h7RTHDJKsBBsHqkGAk8wWpe/3qs1x6Y0jyU9zCMmBuQruQdTgkYqp0v3LVO8CX2W02fdNtNPxxIolQ4wH67GUcpzBmXXbTTwovAmYICmla5nf8xg2gcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGgZKEjDtJukxI3xkGB93QmWeBJyyfzsSEmg9DDzjDAj09Lw2Jv/TGjF0LtyEyygGJulkUScWGEI8Tgb7XDEKYmgAoYqbv2LaI4pQMPnNbAHef5y5IoklBz0yQTnzsSyC6mnRsYvO7VmhdDWNLIsO0CE6Rg46RyV0g8qogih6Qs/oFb1ZL9a79Wl9TawZa9qzj2bK+v4FVhyqVg==</latexit><latexit sha1_base64="57541ftK1Q9nKs9xTLEZpm5INTk=">AAACMHicbVDLSgMxFM3UV62vqks3wSK4scyIoBuh6MZlRfuAdloymbQNzWSG5I6lDv0Av0ZwpX+iK3HrB7g2nXZhWy8EDuece2/u8SLBNdj2h5VZWl5ZXcuu5zY2t7Z38rt7VR3GirIKDUWo6h7RTHDJKsBBsHqkGAk8wWpe/3qs1x6Y0jyU9zCMmBuQruQdTgkYqp0v3LVO8CX2W02fdNtNPxxIolQ4wH67GUcpzBmXXbTTwovAmYICmla5nf8xg2gcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGgZKEjDtJukxI3xkGB93QmWeBJyyfzsSEmg9DDzjDAj09Lw2Jv/TGjF0LtyEyygGJulkUScWGEI8Tgb7XDEKYmgAoYqbv2LaI4pQMPnNbAHef5y5IoklBz0yQTnzsSyC6mnRsYvO7VmhdDWNLIsO0CE6Rg46RyV0g8qogih6Qs/oFb1ZL9a79Wl9TawZa9qzj2bK+v4FVhyqVg==</latexit><latexit sha1_base64="57541ftK1Q9nKs9xTLEZpm5INTk=">AAACMHicbVDLSgMxFM3UV62vqks3wSK4scyIoBuh6MZlRfuAdloymbQNzWSG5I6lDv0Av0ZwpX+iK3HrB7g2nXZhWy8EDuece2/u8SLBNdj2h5VZWl5ZXcuu5zY2t7Z38rt7VR3GirIKDUWo6h7RTHDJKsBBsHqkGAk8wWpe/3qs1x6Y0jyU9zCMmBuQruQdTgkYqp0v3LVO8CX2W02fdNtNPxxIolQ4wH67GUcpzBmXXbTTwovAmYICmla5nf8xg2gcMAlUEK0bjh2BmxAFnAo2yjVjzSJC+6TLGgZKEjDtJukxI3xkGB93QmWeBJyyfzsSEmg9DDzjDAj09Lw2Jv/TGjF0LtyEyygGJulkUScWGEI8Tgb7XDEKYmgAoYqbv2LaI4pQMPnNbAHef5y5IoklBz0yQTnzsSyC6mnRsYvO7VmhdDWNLIsO0CE6Rg46RyV0g8qogih6Qs/oFb1ZL9a79Wl9TawZa9qzj2bK+v4FVhyqVg==</latexit>

Sz =
1

2

⇣
d†"d" � d†#d#

⌘

<latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="uTDjehyDKMJrIqeyBRWJ206fHv4=">AAAB/XicbVDLSgNBEOyNrxijxrOXwSB4Crte9Ch48RjBPCAJYXa2NxkyO7vM9ApxyQ+IN//Em/gl/ohnJ4+DSSxoKKq66e4KMyUt+f63V9rZ3ds/KB9WjqqV45PTWrVt09wIbIlUpaYbcotKamyRJIXdzCBPQoWdcHI/9zvPaKxM9RNNMxwkfKRlLAUnJzWHtbrf8Bdg2yRYkTqsMKz99KNU5AlqEopb2wv8jAYFNySFwlmln1vMuJjwEfYc1TxBOygWZ87YpVMiFqfGlSa2UP9OFDyxdpqErjPhNLab3lz8z+vlFN8OCqmznFCL5aI4V4xSNv+ZRdKgIDV1hAsj3a1MjLnhglwya1tITl7WvihyLcnOXE7BZirbpH3dCPxG8OhDGc7hAq4ggBu4gwdoQgsERPAK796b9+F9LvMseatgz2AN3tcvbASZxQ==</latexit><latexit sha1_base64="r7F23QKLfPuFE07yEAX1w1WiuGo="></latexit><latexit sha1_base64="r7F23QKLfPuFE07yEAX1w1WiuGo="></latexit><latexit sha1_base64="qktxQiqj9HBYGaGepmJSdC3O3a4="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit><latexit sha1_base64="C0RfwJdN7W1vfm4pX3uGEup2T2w="></latexit>



Exchange interaction

S · s = Szsz +
1

2

�
S+s� + S�s+

�
<latexit sha1_base64="OOuRSB865mt1q9DKzsAboy3KSEQ="></latexit><latexit sha1_base64="OOuRSB865mt1q9DKzsAboy3KSEQ="></latexit><latexit sha1_base64="OOuRSB865mt1q9DKzsAboy3KSEQ="></latexit><latexit sha1_base64="OOuRSB865mt1q9DKzsAboy3KSEQ="></latexit>

spin-preserving scattering spin-flip scattering

Note: in the large-S limit, the longitudinal part persists,
but the spin-flip scattering becomes negligible (1/S correction).

<latexit sha1_base64="qF2BBhRnwYbGNjn20oCmattW2Ac=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgMqEoQAhakChbGIuhDakPluDetVceJbAeplK4s/AoLAwix8gds/A1Om6G0HOlKx+fcK997/JgzpR3nx5qbX1hcWs6t5FfX1jc27a3tqooSSaFCIx7Juk8UcCagopnmUI8lkNDnUPN7l6lfuwepWCRudT8GLyQdwQJGiTZSy8Y3dw/4UR2qpiSiwwGfYzX5zrfsglN0RsCzxM1IAWUot+zvZjuiSQhCU06UarhOrL0BkZpRDsN8M1EQE9ojHWgYKkgIyhuMLhnifaO0cRBJU0LjkTo5MSChUv3QN50h0V017aXif14j0cGZN2AiTjQIOv4oSDjWEU5jwW0mgWreN4RQycyumHaJJFSb8NIQ3OmTZ0n1qOieFN3r40LpIosjh3bRHjpALjpFJXSFyqiCKHpCL+gNvVvP1qv1YX2OW+esbGYH/YH19QvFcJkc</latexit>

Sz|s, si = s|s, si
<latexit sha1_base64="k6Tdo+PAkBDv5vGaYz5bKv1D358=">AAACM3icbVDNSgMxGMz67/q36tFLsAgt2rIrol6EohfxVNFaoVtLNk3b0Gx2zZcVytp38uKLeBDEgyJefQfTWkGrAyHDzHwk3wSx4KBd98kaG5+YnJqembXn5hcWl5zllQuIEkVZmUYiUpcBASa4ZGXNtWCXsWIkDASrBJ2jvl+5YQp4JM91N2a1kLQkb3JKtJHqzsnZVR7fwhb4isiWYPgA+3CtdApZ2PRyeXPlvVzvZ8T+jmzDL73uZNyCOwD+S7whyaAhSnXnwW9ENAmZ1FQQgKrnxrqWEqU5Faxn+wmwmNAOabGqoZKEDGrpYOce3jBKAzcjZY7UeKD+nEhJCNANA5MMiW7DqNcX//OqiW7u11Iu40QzSb8eaiYC6wj3C8QNrhjVomsIoYqbv2LaJopQbWq2TQne6Mp/ycV2wdsteKc7meLhsI4ZtIbWURZ5aA8V0TEqoTKi6A49ohf0at1bz9ab9f4VHbOGM6voF6yPT3zcqRY=</latexit>

S�|s, si =
p

s(s+ 1)� s(s� 1)|s, si =
p
2s|s, sivs.



non-commutative scattering

scattering depends on the previous scattering events,
i.e., there are non-trivial temporal correlations



Kondo (1964)



Magnetic impurities in metal hosts

resistance minimum at finite temperature

W. J. de Haas and G. J. van den Berg, Physica 3, 440 (1936)

Resistance [a.u.]

Temperature T [K]
5 10 15 20

Low-temperature resistance of Au

220

260

300

Minimum depends on impurity concentration.



Impurity contribution to ...

System with impurity Clean system

How does the impurity change the properties of the system?

This is known as the “dilute limit”.



non-perturbative behavior

Mimp = gµB (hSz + Sz,bandi � hSz,bandi0)
<latexit sha1_base64="MnVAarFo5/wYrinNERE5hTYCsPA="></latexit><latexit sha1_base64="MnVAarFo5/wYrinNERE5hTYCsPA="></latexit><latexit sha1_base64="MnVAarFo5/wYrinNERE5hTYCsPA="></latexit><latexit sha1_base64="MnVAarFo5/wYrinNERE5hTYCsPA="></latexit>

�imp(T ) =
(gµB)2

kBT

1

4

⇥
1� ⇢J + (⇢J)2 ln(kBT/D) + . . .

⇤
<latexit sha1_base64="S1QbR0z04fwRpf/YmKir1q7qeCQ="></latexit><latexit sha1_base64="S1QbR0z04fwRpf/YmKir1q7qeCQ="></latexit><latexit sha1_base64="S1QbR0z04fwRpf/YmKir1q7qeCQ="></latexit><latexit sha1_base64="S1QbR0z04fwRpf/YmKir1q7qeCQ="></latexit>

R(T ) = aT 5 + cimpR0 � cimpR1 ln

✓
kBT

D

◆

<latexit sha1_base64="yOOM6m3TTO6xzgr4IvxZbr+Rg2Q="></latexit><latexit sha1_base64="yOOM6m3TTO6xzgr4IvxZbr+Rg2Q="></latexit><latexit sha1_base64="yOOM6m3TTO6xzgr4IvxZbr+Rg2Q="></latexit><latexit sha1_base64="yOOM6m3TTO6xzgr4IvxZbr+Rg2Q="></latexit>

Resummation to infinite order does not remove the divergence.

H
0 = �µ ·B = gµBSzB
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Kondo (1964)





Kondo problem

Perturbation theory breaks down for arbitrarily small J
at low enough temperatures.
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Kondo temperature

The Kondo problem: finding a solution valid in the 
low-temperature T<TK regime.



Saturation of impurity susceptibility
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(results of a NRG calculation)



Screening of the local moment
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This implies the ground state is a spin singlet.





Reduction of impurity entropy
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Transport in nanostructures

Grobis et al., PRL 100, 246601 (2008)

conductance G ! dI=dV using standard lock-in tech-
niques, with an rms modulation bias of 1 !V at 337 Hz.
The dot is cooled in the mixing chamber of an Oxford
Instruments Kelvinox TLM dilution refrigerator with a
base electron temperature of 13 mK [20].

At base temperature, the Kondo effect produces a char-
acteristic enhancement of conductance through the quan-
tum dot at odd occupancy (""0, "0 #U > !), as seen in
Fig. 1. The couplings of the dot to its two leads are tuned to
maximize TK while keeping the two couplings nearly
equal. The saturation of conductance at a value near
1:75e2=h throughout the middle of the Kondo plateau
["209 mV<VG <"199:5 mV in Fig. 1(c)] confirms
that Tbase $ TK and indicates that the coupling asymmetry
is around 2:1 [2]. Conductance as a function of source-
drain bias in the Kondo plateau shows a narrow peak
centered at zero bias, known as the Kondo peak [Fig. 1(b)].

As the temperature increases from 13 to 205 mK the
overall Kondo conductance decreases [Figs. 1(b) and 1(c)].
Previous measurements found the temperature evolution of
linear conductance G%T; V ! 0& to be well described by an
empirical Kondo (EK) form derived from a fit to numerical
renormalization group conductance calculations [15],

 GEK%T& ! G0=!1# %T=T0K&2"s: (1)

Here, s ! 0:21 and TK
0 ! TK=%21=s " 1&1=2, which defines

TK as the temperature at which the Kondo conductance is

half of its extrapolated zero-temperature value:GEK%TK& !
G0=2. The values of G0 and TK we extract are shown in
Fig. 2(a). The Kondo conductance traces in our measure-
ments follow the EK form very well at low temperatures
(T < TK=4), but deviate from it at higher temperatures, as
seen in Fig. 2(b). Though the origin of the deviation at
higher temperatures is not completely understood, it most
likely reflects the emergence of additional transport pro-
cesses at higher temperatures. We limit the temperature
range for our fits to T < 35 mK.

To determine whether bias and temperature obey a scal-
ing relationship at low temperatures we fit the low-energy
conductance to the form

 G%T; V& ' G0 " ~cT%kT&PT " ~cV%eV&PV : (2)

Here PT and PV are exponents that characterize the tem-
perature and bias dependence, respectively, and ~cT and ~cV
are expansion coefficients. Unlike the EK form [Eq. (1)],
Eq. (2) does not assume quadratic behavior at low tem-
perature. We first extract PV by fitting G%T; 0& "G%T; V&
as a power law in voltage for jVj< 7 !V at each tempera-
ture point below 20 mK. We find that PV is nearly constant
across the Kondo plateau with an average value of 1:9(
0:15 [Fig. 3(a)]. Extracting PT is more difficult since only a
few temperature points unambiguously reside in the
power-law regime at each gate voltage point. Fits for
T=TK yield a mean value of PT ! 2:0( 0:6 across the
Kondo plateau [21]. These fits are consistent with tempera-
ture and bias sharing a characteristic exponent of 2, as
theoretically expected for the single-channel Kondo effect,
and we assume this universality for the remainder of our
analysis.

Having determined the characteristic scaling exponent,
we now examine to what extent the low-energy nonequi-
librium conductance G%T; V&=G0 is described by a univer-
sal scaling function, F%T=TK; eV=kTK). We assume as a
starting point thatG%T; 0& follows the universal curve given
by Eq. (1) and examine the evolution of the differential

FIG. 2. (a) Values of G0 and TK across the Kondo plateau,
extracted using the empirical Kondo (EK) form GEK%0; T& !
G0=%1" %T=TK 0&2&s with TK

0 ! TK=%21=s " 1&1=2. The fit was
performed using data points for temperatures between 13–
35 mK. (b) A plot of the scaled conductance 1" G%T; 0&=G0
versus T=TK for all measured temperatures and gate voltage
points across the Kondo plateau [18]. The solid line shows the
empirical Kondo form.

FIG. 1 (color online). (a) Differential conductance (G) mea-
sured as a function of VG and source-drain bias at T ! 13 mK.
(b) Temperature dependence of the Kondo peak in conductance
for T ! 13–205 mK at VG ! "203 mV. (c) Temperature de-
pendence of the Kondo plateau for T ! 13–205 mK at V !
0 !V. (d) The SEM image shows the quantum dot device with
an overlaid measurement schematic. The topmost lead (marked
‘‘NC’’) is pinched off from the dot and does not contribute to
transport.
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Kondo effect in quantum dots

W. G. van der Wiel et al., Science 289, 2105 (2000)

Grobis et al., PRL 100, 246601 (2008)

conductance G ! dI=dV using standard lock-in tech-
niques, with an rms modulation bias of 1 !V at 337 Hz.
The dot is cooled in the mixing chamber of an Oxford
Instruments Kelvinox TLM dilution refrigerator with a
base electron temperature of 13 mK [20].

At base temperature, the Kondo effect produces a char-
acteristic enhancement of conductance through the quan-
tum dot at odd occupancy (""0, "0 #U > !), as seen in
Fig. 1. The couplings of the dot to its two leads are tuned to
maximize TK while keeping the two couplings nearly
equal. The saturation of conductance at a value near
1:75e2=h throughout the middle of the Kondo plateau
["209 mV<VG <"199:5 mV in Fig. 1(c)] confirms
that Tbase $ TK and indicates that the coupling asymmetry
is around 2:1 [2]. Conductance as a function of source-
drain bias in the Kondo plateau shows a narrow peak
centered at zero bias, known as the Kondo peak [Fig. 1(b)].

As the temperature increases from 13 to 205 mK the
overall Kondo conductance decreases [Figs. 1(b) and 1(c)].
Previous measurements found the temperature evolution of
linear conductance G%T; V ! 0& to be well described by an
empirical Kondo (EK) form derived from a fit to numerical
renormalization group conductance calculations [15],

 GEK%T& ! G0=!1# %T=T0K&2"s: (1)

Here, s ! 0:21 and TK
0 ! TK=%21=s " 1&1=2, which defines

TK as the temperature at which the Kondo conductance is

half of its extrapolated zero-temperature value:GEK%TK& !
G0=2. The values of G0 and TK we extract are shown in
Fig. 2(a). The Kondo conductance traces in our measure-
ments follow the EK form very well at low temperatures
(T < TK=4), but deviate from it at higher temperatures, as
seen in Fig. 2(b). Though the origin of the deviation at
higher temperatures is not completely understood, it most
likely reflects the emergence of additional transport pro-
cesses at higher temperatures. We limit the temperature
range for our fits to T < 35 mK.

To determine whether bias and temperature obey a scal-
ing relationship at low temperatures we fit the low-energy
conductance to the form

 G%T; V& ' G0 " ~cT%kT&PT " ~cV%eV&PV : (2)

Here PT and PV are exponents that characterize the tem-
perature and bias dependence, respectively, and ~cT and ~cV
are expansion coefficients. Unlike the EK form [Eq. (1)],
Eq. (2) does not assume quadratic behavior at low tem-
perature. We first extract PV by fitting G%T; 0& "G%T; V&
as a power law in voltage for jVj< 7 !V at each tempera-
ture point below 20 mK. We find that PV is nearly constant
across the Kondo plateau with an average value of 1:9(
0:15 [Fig. 3(a)]. Extracting PT is more difficult since only a
few temperature points unambiguously reside in the
power-law regime at each gate voltage point. Fits for
T=TK yield a mean value of PT ! 2:0( 0:6 across the
Kondo plateau [21]. These fits are consistent with tempera-
ture and bias sharing a characteristic exponent of 2, as
theoretically expected for the single-channel Kondo effect,
and we assume this universality for the remainder of our
analysis.

Having determined the characteristic scaling exponent,
we now examine to what extent the low-energy nonequi-
librium conductance G%T; V&=G0 is described by a univer-
sal scaling function, F%T=TK; eV=kTK). We assume as a
starting point thatG%T; 0& follows the universal curve given
by Eq. (1) and examine the evolution of the differential

FIG. 2. (a) Values of G0 and TK across the Kondo plateau,
extracted using the empirical Kondo (EK) form GEK%0; T& !
G0=%1" %T=TK 0&2&s with TK

0 ! TK=%21=s " 1&1=2. The fit was
performed using data points for temperatures between 13–
35 mK. (b) A plot of the scaled conductance 1" G%T; 0&=G0
versus T=TK for all measured temperatures and gate voltage
points across the Kondo plateau [18]. The solid line shows the
empirical Kondo form.

FIG. 1 (color online). (a) Differential conductance (G) mea-
sured as a function of VG and source-drain bias at T ! 13 mK.
(b) Temperature dependence of the Kondo peak in conductance
for T ! 13–205 mK at VG ! "203 mV. (c) Temperature de-
pendence of the Kondo plateau for T ! 13–205 mK at V !
0 !V. (d) The SEM image shows the quantum dot device with
an overlaid measurement schematic. The topmost lead (marked
‘‘NC’’) is pinched off from the dot and does not contribute to
transport.
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unitary conductance: G=G0=2e2/h

transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "ε0(ε0 # U)/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16). Following the work
in (17), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is )75 nm). The
2DEG with electron density nS! 2.6 * 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5 ,m; inner perimeter, 6.6 ,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size )200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. ε0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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conductance G ! dI=dV using standard lock-in tech-
niques, with an rms modulation bias of 1 !V at 337 Hz.
The dot is cooled in the mixing chamber of an Oxford
Instruments Kelvinox TLM dilution refrigerator with a
base electron temperature of 13 mK [20].

At base temperature, the Kondo effect produces a char-
acteristic enhancement of conductance through the quan-
tum dot at odd occupancy (""0, "0 #U > !), as seen in
Fig. 1. The couplings of the dot to its two leads are tuned to
maximize TK while keeping the two couplings nearly
equal. The saturation of conductance at a value near
1:75e2=h throughout the middle of the Kondo plateau
["209 mV<VG <"199:5 mV in Fig. 1(c)] confirms
that Tbase $ TK and indicates that the coupling asymmetry
is around 2:1 [2]. Conductance as a function of source-
drain bias in the Kondo plateau shows a narrow peak
centered at zero bias, known as the Kondo peak [Fig. 1(b)].

As the temperature increases from 13 to 205 mK the
overall Kondo conductance decreases [Figs. 1(b) and 1(c)].
Previous measurements found the temperature evolution of
linear conductance G%T; V ! 0& to be well described by an
empirical Kondo (EK) form derived from a fit to numerical
renormalization group conductance calculations [15],

 GEK%T& ! G0=!1# %T=T0K&2"s: (1)

Here, s ! 0:21 and TK
0 ! TK=%21=s " 1&1=2, which defines

TK as the temperature at which the Kondo conductance is

half of its extrapolated zero-temperature value:GEK%TK& !
G0=2. The values of G0 and TK we extract are shown in
Fig. 2(a). The Kondo conductance traces in our measure-
ments follow the EK form very well at low temperatures
(T < TK=4), but deviate from it at higher temperatures, as
seen in Fig. 2(b). Though the origin of the deviation at
higher temperatures is not completely understood, it most
likely reflects the emergence of additional transport pro-
cesses at higher temperatures. We limit the temperature
range for our fits to T < 35 mK.

To determine whether bias and temperature obey a scal-
ing relationship at low temperatures we fit the low-energy
conductance to the form

 G%T; V& ' G0 " ~cT%kT&PT " ~cV%eV&PV : (2)

Here PT and PV are exponents that characterize the tem-
perature and bias dependence, respectively, and ~cT and ~cV
are expansion coefficients. Unlike the EK form [Eq. (1)],
Eq. (2) does not assume quadratic behavior at low tem-
perature. We first extract PV by fitting G%T; 0& "G%T; V&
as a power law in voltage for jVj< 7 !V at each tempera-
ture point below 20 mK. We find that PV is nearly constant
across the Kondo plateau with an average value of 1:9(
0:15 [Fig. 3(a)]. Extracting PT is more difficult since only a
few temperature points unambiguously reside in the
power-law regime at each gate voltage point. Fits for
T=TK yield a mean value of PT ! 2:0( 0:6 across the
Kondo plateau [21]. These fits are consistent with tempera-
ture and bias sharing a characteristic exponent of 2, as
theoretically expected for the single-channel Kondo effect,
and we assume this universality for the remainder of our
analysis.

Having determined the characteristic scaling exponent,
we now examine to what extent the low-energy nonequi-
librium conductance G%T; V&=G0 is described by a univer-
sal scaling function, F%T=TK; eV=kTK). We assume as a
starting point thatG%T; 0& follows the universal curve given
by Eq. (1) and examine the evolution of the differential

FIG. 2. (a) Values of G0 and TK across the Kondo plateau,
extracted using the empirical Kondo (EK) form GEK%0; T& !
G0=%1" %T=TK 0&2&s with TK

0 ! TK=%21=s " 1&1=2. The fit was
performed using data points for temperatures between 13–
35 mK. (b) A plot of the scaled conductance 1" G%T; 0&=G0
versus T=TK for all measured temperatures and gate voltage
points across the Kondo plateau [18]. The solid line shows the
empirical Kondo form.

FIG. 1 (color online). (a) Differential conductance (G) mea-
sured as a function of VG and source-drain bias at T ! 13 mK.
(b) Temperature dependence of the Kondo peak in conductance
for T ! 13–205 mK at VG ! "203 mV. (c) Temperature de-
pendence of the Kondo plateau for T ! 13–205 mK at V !
0 !V. (d) The SEM image shows the quantum dot device with
an overlaid measurement schematic. The topmost lead (marked
‘‘NC’’) is pinched off from the dot and does not contribute to
transport.
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Meir-Wingreen formula
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Kondo resonance

Frota, Oliveira, PRB 33, 7871 (1986), Costi, Hewson, Zlatić, JPCM 6, 2519 (1994)
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Local Fermi-liquid
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phenomenological Fermi liquid theory, Landau 1956
key ideas: Pauli exclusion principle, adiabatic continuity
weakly interacting fermionic quasiparticles
local Fermi liquid for Kondo model, Nozières 1974
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scattering phase shift

J. R. Taylor: Scattering theory (1972)
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S matrix

partial-wave amplitude

cross-section



Luttinger’s theorem

Particle density of interacting fermions is equal to the volume in the 
momentum space enclosed by the Fermi surface.

Number of quasiparticles is the same as the number of interacting fermions.
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No assumption of translation invariance, applies to any system  
(including disordered ones, single-impurity models, etc.).

Holds within perturbation theory.
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Single-particle-like states at the Fermi surface do not decay.



Luttinger-Ward integral = 0 ?
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Proven within perturbation theory.  Thus holds for solutions 
which are adiabatically connected with the non-interacting state.
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nα is the “local charge displacement”, “excess electrons”. 
In the wide-bind limit, it is equal to the impurity occupancy.

Langer, Ambegaokar (1961): general interacting model
Langreth (1966): Anderson impurity model

Friedel (1952): resonant level model

Shiba (1975): multi-orbital Anderson model with orbital-diagonal interaction
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Are all impurity systems Fermi liquids?

Singular Fermi liquids, Iα=1/2, logarithmic corrections at low ω.

Mehta, Borda, Zarand, Andrei, Coleman (2005)
Logan et al. (2009, 2011, 2014)

Non-Fermi liquids: low-energy excitations are not in a 1:1 
correspondence with those of the non-interacting system.

Affleck (1990)

Anomalous behavior.

example: S=1 single-channel Kondo

example: S=1/2 two-channel Kondo



the family of kondo impurity models

H =
X

k,�,i

✏kc
†
k,�,ick,�,i +

X

i

Jsi · S+B · S i=1,...,Nchannels

fully screened 
 Kondo model

underscreened  
Kondo model

overscreened  
Kondo model

impurity spin, S 1/2 1 1/2

Nchannels 1 1 2

fixed point Fermi liquid singular Fermi liquid non-Fermi liquid

Classification according to 2S vs. Nchannels

P. Nozières and A. Blandin.  J. Physique 41, 193 (1980)



Goldhaber-Gordon et al., Phys. Rev. Lett. 81, 5225 (1998)

s=0.22

Standard Kondo effect

G(T ) = G0

h
1 + (21/s � 1)(T/TK)
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G(TK) = G0/2
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Underscreened Kondo Effect

C60 molecule

N. Roch, S. Florens, T. A. Costi, W. Wernsdorfer, F. Balestro, PRL 103, 197202 (2009)



J. J. Parks, A. R. Champagne, T. A. Costi, W. W. Shum, A. N. 
Pasupathy, E. Neuscamman, S. Flores-Torres, P. S. Cornaglia, A. A. 
Aligia, C. A. Balseiro, G. K.-L. Chan, H. A. Abruna, and D. C. 
Ralph. Science 328, 1370 (2010)



R. M. Potok, I. G. Rau, Hadas Shtrikman, Yuval Oreg, and D. Goldhaber-Gordon, Nature 446, 167 (2007)

Overscreened Kondo effect

g(0, T )� g(Vsd, T )
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n 3
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x� 1 forx � 1
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Non-Landau Fermi liquid

Regular Fermi liquid but with topological term I0=π/2.

R. Žitko, G. Blesio, N. Luiz, A. Aligia, Nat. Commun. (2021)
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Experimental data:

K. Yang, H. Chen, Th. Pope, Y. Hu, L. Liu, D. Wang, L. Tao, W. Xiao, X. Fei, Y-Y. Zhang, H-G Luo, S. Du, T. Xiang, W.  
A. Hofer, and H-J. Gao, Nature Commun. 10, 1038 (2019). 

Iron phthalocyanine (FePC) molecules on Au(111) surface


