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• Validation

• Discretization revisited

• Application to DMFT

• Parallelization issues



Validation: are spectral 
functions correct?

• normalization to 1 (follows directly 
from the canonical anticommutation 
relations)

• fluctuation-dissipation theorem

• spectral moments (high-frequency 
expansion)



Alternative methods (simulations):  
Quantum Monte Carlo
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imaginary-time discretization

Suzuki-Trotter decomposition

Monte-Carlo sampling over auxiliary variables with 
Metropolis-Hastings algorithm
Example: Hirsch-Fye QMC algorithm for the Anderson impurity model



Continuous-Time QMC Algorithms
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• no time-discretization errors
• no auxiliary-field decomposition

H = Ha +Hb

CT-HYB expansion:
Hb = Hhyb

Ha = Himp +Hband

The partition function expansion for the hybridization
algorithm now reads (for time-ordered configurations)
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If the coupling to the bath is diagonal in the ‘‘flavor’’ (spin,
site, orbital, etc.) indices j, then ! is a block-diagonal matrix
and Eq. (93) simplifies to
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B. Density-density interactions

We first consider (multiorbital) models with density-
density interactions. In this case, the local Hamiltonian Hloc

commutes with the occupation number operator of each
orbital. We may therefore represent the time evolution of
the impurity by collections of ‘‘segments’’ which represent
time intervals in which an electron of a given flavor resides on
the impurity. An example of such a segment configuration for
a single-orbital model (two spin flavors) is shown in Fig. 8.

Since the local Hamiltonian is diagonal in the occupation
number basis, the contribution of the trace factor can be
computed for each segment configuration. For a model with
n orbitals and a total length Lj of segments in orbital j and a
total overlap Oij between segments of flavor i and j, one
obtains (s is a sign depending on the operator sequence)
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except in the trivial case where there are no operators
for certain flavors. In the latter case, several segment

configurations, involving ‘‘full’’ and ‘‘empty’’ lines, contrib-
ute to the trace.

C. Formulation for general interactions

If Hloc is not diagonal in the occupation number basis

defined by the dy$, a separation of flavors, as in the segment
formalism, is no longer possible (see Fig. 9) and the calcu-

lation of wlocðxÞ ¼ Trd½T!e
$"Hloc

Q
$d$ð!$k$ Þd

y
$ð!0$k$ Þ " " "

d%ð!$1 Þdy$ð!0$1 Þ( becomes more involved. One strategy, pro-
posed by Werner and Millis (2006), is to represent the

operators d$ and dy$ as matrices in the eigenbasis of Hloc,
because in this representation the time-evolution operators
e$Hloc! become diagonal. The evaluation of the trace factor
thus involves the multiplication of matrices whose size is
equal to the size of the Hilbert space of Hloc. Since the
dimension of the Hilbert space grows exponentially with
the number of flavors, the calculation of the trace factor
becomes the computational bottleneck of the simulation,
and the matrix formalism is therefore restricted to a relatively
small number of flavors ( & 10). The technical part of eval-
uating these traces is described in detail in Sec. X.F.

Haule (2007) observed that conserved quantum numbers
may be exploited to facilitate the calculation of the trace. If
the eigenstates of Hloc are ordered according to conserved
quantum numbers, the evaluation of the trace is reduced to
block-matrix multiplications (see Sec. X.F) of the form
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where O is either a creation or annihilation operator, m
denotes the index of the matrix block, and the sum runs
over those sectors which are compatible with the operator
sequence. With this technique, 3-orbital models or four-site
clusters can be simulated efficiently (Haule and Kotliar,
2007b; Gull et al., 2008b; Park et al., 2008b; Werner
et al., 2008; Chan, 2009). However, since the matrix blocks

FIG. 8 (color online). Segment configuration of a k ¼ 6 order term in hybridization expansion of the single-orbital Anderson model. Upper
line: spin-up orbital; lower line: spin-down orbital; heavy line: orbital occupied; light line: orbital empty. For each orbital, the length of the
black line (occupied orbitals) determines the chemical potential contribution to the weight factor (95). Shaded areas: Regions where both up
and down orbitals are filled, so the impurity is doubly occupied. The length of the shaded area enters into an overall weighting factor for the
potential energy (Hubbard U).

FIG. 9 (color online). A typical term in the expansion (93): Three ‘‘flavors’’ of fermionic creation and annihilation operators (denoted by
filled and empty diamonds, squares, and circles) are placed at times between 0 and ". In the general case, orbital occupation is not conserved
by the local Hamiltonian, so two operators of the same type may follow each other.

364 Emanuel Gull et al.: Continuous-time Monte Carlo methods for . . .

Rev. Mod. Phys., Vol. 83, No. 2, April–June 2011

N. V. Prokof’ev et al., 
JETP Lett. 64, 911 (1996)

P. Werner et al., PRL 97, 076405 (2006)
K. Haule, PRB 75, 155113 (2007)
E. Gull et al., RMP 83, 349 (2011)



Hartree-Fock

Anderson 1961
Newns 1969

requires numerical solution  
of a transcendent equation



Perturbation theory (2nd order)

Horvatić, Zlatić, 1980, 1982

Analytical expressions!

Yosida, Yamada
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ε=+1 for fermions

Fluctuation-dissipation theorem

Caveat: G"(w) may have a delta peak at w=0, which NRG will not capture.
Not an issue when calculating with fluctuation parts, A-⟨A⟩.



Well satisfied in NRG at T=0, at T>0 some issues.



Spectral sum-rules

“well-known”, but first published by S. White, PRB 1991



alternative version
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Discretization

We keep only l=0.
These are the “representative states”



First site of the Wilson chain
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The	f0	orbital	is	the	“average	state”	of	all	“representa5ve	states”.	



Zero-bandwidth approximation (ZBW)

Qualitatively describes the nature of the ground state.

Idea: keep only f0.

Example: Kondo singlet approximated by an AFM state formed  
between the impurity orbital and the f0 orbital.



Exact results for flat band

�(✏) =
1

2D
for �D < ✏ < D

<latexit sha1_base64="TYnlUvA2hUO/o3KJ2quUWCGYbM8="></latexit><latexit sha1_base64="TYnlUvA2hUO/o3KJ2quUWCGYbM8="></latexit><latexit sha1_base64="TYnlUvA2hUO/o3KJ2quUWCGYbM8="></latexit><latexit sha1_base64="TYnlUvA2hUO/o3KJ2quUWCGYbM8="></latexit>



✏z1 = D

✏zj = D⇤2�j�z

z 2 (0 : 1]

Frota, Oliveira, PRB 33, 7871 (1986)
Oliveira, Oliveira, PRB 49, 11986 (1994)

z-averaging

works best for Nz=2N

similar to twist averaging over different
boundary conditions in finite clusters

to reduce the finite-size effects  
(better k-space sampling)



Discretization schemes

1) Conventional scheme
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2) Campo-Oliveira scheme
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Chen, Jayaprakash, JPCM 7, L491 (1995)
Ingersent, PRB 54, 11936 (1996)
Bulla, Pruschke, Hewson, JPCM 9, 10463 (1997)

Campo, Oliveira, PRB 72, 104432 (2005)
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Spectral function of the first 
site of the Wilson chain

Campo, Oliveira, PRB 72, 104432 (2005)

Flat band:
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Can we do better?

Yes! We demand Af0(!) = ⇢(!)

R
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R. Žitko, Comput. Phys. Comm. 180, 1271 (2009)



High-resolution spectra

Hubbard model











Höck, Schnack, PRB 2013



Recommendation: discretization=Z
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Hubbard model

t-J model:



hole doped case

What are the properties of the 
“normal” metal?



Cuprates are bad metals

BAD METALS: materials where the transport cannot be described using 
the concept of coherent quasiparticles

Mott-Ioffe-Regel limit:
mean-free-path shorter than the 

interatomic distance

other bad metals: ruthenates, organics, alkali doped fullerides



Do bad metals turn good at low 
temperatures?

Sr2RuO4

Hussey et al., Phys. Rev. B (1998)

Are there quasiparticles? At what T do they disappear?
What happens after the Drude picture breaks down?



What happens at very high T?

What does the density of states (DOS) look like at
infinite temperature? 

T ! 1 such that U � T implying U = 1
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ω/D

A(ω)

atomic-like?

0 2 4 6 8 10
ω/D

A(ω)

very diffuse?



�(z) = z + µ�
⇥
G�1

loc(z) + ⌃(z)
⇤

Gk(z) =
1

z + µ� ✏k � ⌃(z)

Gloc(z) =
1

N

X

k

1

z + µ� ✏k � ⌃(z)
=

Z
⇢0(✏) d✏

[z + µ� ⌃(z)]� ✏
= G0[z + µ� ⌃(z)]

⌃(k,!) ! ⌃(!) ⌃i,j(!) ! �ij⌃(!)

assumption:

Dynamical mean field theory (DMFT)

or

1) local dynamics: exact calculation!  
2) non-local correlations: static mean-field approximation

A. Georges et al., Rev. Mod. Phys. (1996)



DMFT: 
Conductivity for d=∞

No vertex corrections, just the “zero-th order bubble”:

Mott-Ioffe-Regel conductivity 
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Case study and tools
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3d
(D2 � ✏2)⇢(✏)
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single-band Hubbard model, semicircular DOS (Bethe lattice)

in typical material D=1eV=11600K

DMFT equations solved with accurate impurity solvers:
- continuous-time quantum Monte Carlo (TRIQS, O. Parcollet, M. Ferrero:  
http://ipht.cea.fr/triqs), Padé analytical continuation
- numerical renormalization group (NRG Ljubljana, RŽ: http://nrgljubljana.ijs.si/)

converged and compatible results using both techniques

http://nrgljubljana.ijs.si


NRG in the limit of  
very high temperatures

Turns out, it works!
Recipe: 
- Gaussian broadening with constant kernel width γ
- reduce γ until integrated quantities are converged
(overbroadening → overestimated ρ)

-1.5 -1 -0.5 0 0.5 1 1.5 2
ω/D

0

0.1

0.2

0.3

0.4

0.5

0.6

A
(ω
)



0 0.05 0.1 0.15 0.2 0.25
T/D

0

0.2

0.4

0.6

0.8

ρ/
ρ 0

U=4

U=∞

n=0.8DMFT(NRG) calculation

ρ0 = Mott-Ioffe-Regel resistivity D = half-bandwidth (also used as the energy unit)

20% hole doping



Overview: 
Transport in Hubbard model



several regimes:

FL: ρ~T2, T<TFL

ρ~T with ρ0<0

ρ~T with ρ0>0

TFL ⇡ 0.05�D TMIR ⇠ 2�D

� = 1� n

hole doping:
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e2

~
�(0)

D



� = 0.2



Temperature range TFL<T<TMIR where the concept of quasiparticles is still defined.
Their width Γ>T, but quasiparticles still discernible.



What happens at very high T?

What does the density of state (DOS) look like at
infinite temperature? 

T ! 1 such that U � T implying U = 1
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very diffuse?



high-T asymptotics
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•dominant 1/T term agrees with DMFT at large T
•1/T3 term describes corrections down to ρMIR



n=0.7

� = e2D  ⌘ @n

@µ
Calandra, Gunnarsson, EPL 61 88 (2003)
Ohata, Kubo JPSJ 1970
J. Kokalj PRB 95 041110(R) (2017)

Einstein relation:

Tκ

D



Big problems

• orbital degeneracy: big local Hilbert space, big 
Hilbert space at each shell of Wilson chains

• multiple quantum dots with multiple 
conduction leads

• lack of symmetry: diagonalization of big 
matrices scales as N3



Parallelization

• Make use of multithreaded LAPACK routines, e.g. Intel MKL. 
Controlled by environment variables MKL_NUMTHREADS, 
MKL_DYNAMIC. Diagonalisation does not scale linearly, but the 
speed-up is substantial.

• Run diagonalisations in parallel using multithreading (OpenMP) on 
the same compute node, or using message-passing (MPI) across 
several compute nodes.

Note: nested OpenMP parallelism needs to be enabled using OMP_NESTED=TRUE.
Often difficult to make it work (segmentation faults).



NRG Ljubljana 2.4.3.31 - (c) Rok Zitko <rok.zitko@ijs.si>
Timestamp: Mon Nov 13 12:55:52 2017
Compiled on Aug 14 2018 at 10:37:37
Compiled-in symmetry types: ANYJ DBLISOSZ DBLSU2 ISO ISO2 ISO2LR 
ISOLR ISOSZ ISOSZLR NONE P PP QJ QS QSC3 QSLR QST QSTZ QSZ QSZLR 
QSZTZ SL SL3 SPSU2 SPSU2C

No MPI: single node calculation.

[OMP] Max. number of threads: 1
[OMP] Number of processors: 32
[OMP] Dynamic thread adjustment: 0
[OMP] Nested parallelism: 0

Using Intel MKL library 11.3.2
Processor optimization: Intel(R) Advanced Vector Extensions 2 
(Intel(R) AVX2) enabled processors
max_threads=8 blas_max_threads=8 dynamic=0

log

8
 export MKL_NUM_THREADS=8
 export MKL_DYNAMIC=FALSE

mailto:rok.zitko@ijs.si


Matrix dimensions in different 
invariant subspaces.



Conclusion: up to ~5-6 simultaneous diagonalisations.



Master-slave strategy

1. Master delegates diagonalisations of large 
matrices to slave nodes.
2. Master diagonalizes small matrices locally.

masterslaves



Hund’s metal

Metal in which correlations are driven by Hund’s coupling J.
Small coherence scale, even though U moderate.

e.g. Sr2RuO4, m*/m~4, bad metal with Tcoh~20K  U~W

Haule, Kotliar, NJP’09; Werner, Gull, Troyer, Millis PRL’08; 
de’Medici, Mravlje, Georges, PRL’11; Georges, de’Medici, Mravlje, Annu Rev CM’13



t2g orbitals

dxy, dxz, dyz

Can be mapped to an effective orbital degree of freedom  
which transforms as the L=1 representation of SO(3).

crystal field splitting
in octahedral field

Sr2RuO4 : 4 electrons in Ru t2g orbitals



Interaction in three-orbital models
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intraorbital Coulomb

interorbital Coulomb
opposite spin

interorbital Coulomb
parallel spin

spin exchange

pair hopping

“Rotationally invariant” for U’=U-2J



Interaction in three-orbital models
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2
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Kanamori interaction U(1) ⇥ SU(2) ⇥ SO(3)

Dworin-Narath interaction U(1) ⇥ SU(2) ⇥ SU(3)

Himp =
1

2
(U � 3J)Nd(Nd � 1)� 2JS2
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1st Hund’s rule 2nd Hund’s rule

Nishikawa, Hewson, PRB’12: role of 
(non)conservation of orbital angular momentum

Georges, de’Medici, Mravlje, Annu Rev CM’13



• Dynamical symmetry enhancement: SO(3)→SU(3)

• Separate screening of L and S (non-Fermi-liquid physics?)

• Effects of spin-orbit coupling (3rd Hund’s rule)



Multiplet structure  
(Kanamori interaction)

Georges, de’Medici, Mravlje, Annu Rev CM’13



Effective Kondo model

HK = �PnHhyb
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Horvat, Zitko, Mravlje PRB’16

Yin, Haule, Kotliar PRB’12
Aron, Kotliar PRB’15
Stadler et al. PRL’15

HK = JpNf + JsS · s+ JlL · l+ JqQ · q+
Jls(L⌦ S) · (l⌦ s) + Jqs(Q⌦ S) · (q⌦ s)
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orbital quadrupole operators



Bare Kondo coupling constants

Js is small or even ferromagnetic

Ferromagnetic alignment favored by fluctuation to N=3 
(half-filled). This is in contrast to single-orbital problems.
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Driven by the orbital part of Hund’s coupling term: 
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Dynamical symmetry enhancement 
(within perturbative RG)

Splitting between the dipole
and quadrupole orbital 

couplings goes to zero at low-T:
SO(3) → SU(3) enhancement.

As if there were no -(J/2)L2 term.

cf. also work by
Kuzmenko, Kikoin, 

Kiselev, Avishai



3-orbital NRG with full symmetry

U(1) ⇥ SU(2) ⇥ SO(3)

charge spin orbital

Dramatic improvement!
Calculations with Λ=4 feasible... but still quite demanding  

(hybrid MPI+OpenMP parallelization on 4×4 cores,  
~24h per run for 4000 multiplets ~ Ecutoff=8).

Weichselbaum et al. implement the larger SU(3) 
symmetry of the Dworin-Narath Hamiltonian without 

the L term (2nd Hund’s rule).

(Kanamori type)

Horvat, Žitko, Mravlje PRB’16cf. Stadler et al. PRL’15, arxiv 2018

Real-frequency-axis spectra → transport calculations!
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Same low-temperature strong-coupling fixed point!

NRG flow diagrams

Dworin-Narath Kanamori

Nishikawa, Hewson, PRB’12



Separation of orbital and spin 
Kondo temperatures

Okada, Yosida, PTP’73
Yin, Haule, Kotliar PRB’12

Generic: same behaviour found for Kanamori, Dworin-Narath, 
as well as their Schrieffer-Wolff-transformed variants.



DMFT for Hubbard-Kanamori model

U/D=3.2
J/U=1/6
semi-circular DOS
no SOC

S=3/2, L=0
S=1/2, L=2
S=1/2, L=1

three Nd=3 multiplets:
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signature of finite J

First seen in the minimal SU(3) model, Stadler et al. PRL’15
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“spin freezing”



Spin-orbit coupling

SOC not small
� ⇠ 0.1meV > TFL

<latexit sha1_base64="uzdBCKK/xx/GFp/9lTJI70z2jBU="></latexit><latexit sha1_base64="uzdBCKK/xx/GFp/9lTJI70z2jBU="></latexit><latexit sha1_base64="uzdBCKK/xx/GFp/9lTJI70z2jBU="></latexit><latexit sha1_base64="uzdBCKK/xx/GFp/9lTJI70z2jBU="></latexit>

Important to account for the details in the band structure.
Typically not included in LDA+DMFT calculations, but results still 

in good quantitative agreement with experiments. Why?

Haverkort et al. PRL’08

srARPES, splitting at Γ point
Veenstra et al. PRL’14



Schrieffer-Wolff transformation

HLSJ =
X

⇤⌃�

K⇤⌃�T
⇤⌃�(J) · t⇤⌃�(J)

<latexit sha1_base64="tUJ/r24C+cymfpAjJzIugY0Es7A="></latexit><latexit sha1_base64="tUJ/r24C+cymfpAjJzIugY0Es7A="></latexit><latexit sha1_base64="tUJ/r24C+cymfpAjJzIugY0Es7A="></latexit><latexit sha1_base64="tUJ/r24C+cymfpAjJzIugY0Es7A="></latexit>

Kondo coupling unit tensor operators
(impurity & band)

Qij = S(Ji, Jj)
<latexit sha1_base64="eJW2bCpccmeyyZYxNrB3RvlzLVg=">AAACHnicbVDLSsNAFJ34rPXV6tJNsAgVpCQi6EYoupGuWrQPaGOYTKfttJNJmLlRasinCK70T9yJW/0R104fC9t64MLhnHu59x4v5EyBZX0bS8srq2vrqY305tb2zm4mu1dTQSQJrZKAB7LhYUU5E7QKDDhthJJi3+O07g2uR379gUrFAnEHw5A6Pu4K1mEEg5bcTLZyH7N+cnmbL7nspOT2j91MzipYY5iLxJ6SHJqi7GZ+Wu2ARD4VQDhWqmlbITgxlsAIp0m6FSkaYjLAXdrUVGCfKicen56YR1ppm51A6hJgjtW/EzH2lRr6nu70MfTUvDcS//OaEXQunJiJMAIqyGRRJ+ImBOYoB7PNJCXAh5pgIpm+1SQ9LDEBndbMFmCDp5kv4kgwUIkOyp6PZZHUTgu2VbArZ7ni1TSyFDpAhyiPbHSOiugGlVEVEfSIntErejNejHfjw/ictC4Z05l9NAPj6xedEKKy</latexit><latexit sha1_base64="eJW2bCpccmeyyZYxNrB3RvlzLVg=">AAACHnicbVDLSsNAFJ34rPXV6tJNsAgVpCQi6EYoupGuWrQPaGOYTKfttJNJmLlRasinCK70T9yJW/0R104fC9t64MLhnHu59x4v5EyBZX0bS8srq2vrqY305tb2zm4mu1dTQSQJrZKAB7LhYUU5E7QKDDhthJJi3+O07g2uR379gUrFAnEHw5A6Pu4K1mEEg5bcTLZyH7N+cnmbL7nspOT2j91MzipYY5iLxJ6SHJqi7GZ+Wu2ARD4VQDhWqmlbITgxlsAIp0m6FSkaYjLAXdrUVGCfKicen56YR1ppm51A6hJgjtW/EzH2lRr6nu70MfTUvDcS//OaEXQunJiJMAIqyGRRJ+ImBOYoB7PNJCXAh5pgIpm+1SQ9LDEBndbMFmCDp5kv4kgwUIkOyp6PZZHUTgu2VbArZ7ni1TSyFDpAhyiPbHSOiugGlVEVEfSIntErejNejHfjw/ictC4Z05l9NAPj6xedEKKy</latexit><latexit sha1_base64="eJW2bCpccmeyyZYxNrB3RvlzLVg=">AAACHnicbVDLSsNAFJ34rPXV6tJNsAgVpCQi6EYoupGuWrQPaGOYTKfttJNJmLlRasinCK70T9yJW/0R104fC9t64MLhnHu59x4v5EyBZX0bS8srq2vrqY305tb2zm4mu1dTQSQJrZKAB7LhYUU5E7QKDDhthJJi3+O07g2uR379gUrFAnEHw5A6Pu4K1mEEg5bcTLZyH7N+cnmbL7nspOT2j91MzipYY5iLxJ6SHJqi7GZ+Wu2ARD4VQDhWqmlbITgxlsAIp0m6FSkaYjLAXdrUVGCfKicen56YR1ppm51A6hJgjtW/EzH2lRr6nu70MfTUvDcS//OaEXQunJiJMAIqyGRRJ+ImBOYoB7PNJCXAh5pgIpm+1SQ9LDEBndbMFmCDp5kv4kgwUIkOyp6PZZHUTgu2VbArZ7ni1TSyFDpAhyiPbHSOiugGlVEVEfSIntErejNejHfjw/ictC4Z05l9NAPj6xedEKKy</latexit><latexit sha1_base64="eJW2bCpccmeyyZYxNrB3RvlzLVg=">AAACHnicbVDLSsNAFJ34rPXV6tJNsAgVpCQi6EYoupGuWrQPaGOYTKfttJNJmLlRasinCK70T9yJW/0R104fC9t64MLhnHu59x4v5EyBZX0bS8srq2vrqY305tb2zm4mu1dTQSQJrZKAB7LhYUU5E7QKDDhthJJi3+O07g2uR379gUrFAnEHw5A6Pu4K1mEEg5bcTLZyH7N+cnmbL7nspOT2j91MzipYY5iLxJ6SHJqi7GZ+Wu2ARD4VQDhWqmlbITgxlsAIp0m6FSkaYjLAXdrUVGCfKicen56YR1ppm51A6hJgjtW/EzH2lRr6nu70MfTUvDcS//OaEXQunJiJMAIqyGRRJ+ImBOYoB7PNJCXAh5pgIpm+1SQ9LDEBndbMFmCDp5kv4kgwUIkOyp6PZZHUTgu2VbArZ7ni1TSyFDpAhyiPbHSOiugGlVEVEfSIntErejNejHfjw/ictC4Z05l9NAPj6xedEKKy</latexit>

Rijk = S(Ji, Jj , Jk)
<latexit sha1_base64="DZlXxc2YF9vEL3AGHS+y938pE2s=">AAACI3icbVDLSsNAFJ3UV62vquDGTbAIFaQkIuhGKLqRruqjD2hrmEyn7TSTSZi5EWrMzwiu9E/ciRsX/oZrp4+FrR64cDjnXu69xw05U2BZn0Zqbn5hcSm9nFlZXVvfyG5uVVUQSUIrJOCBrLtYUc4ErQADTuuhpNh3Oa253sXQr91TqVggbmEQ0paPu4J1GMGgJSe7c30Xs76XnN3kSw47LDl9Xd6Bk81ZBWsE8y+xJySHJig72e9mOyCRTwUQjpVq2FYIrRhLYITTJNOMFA0x8XCXNjQV2KeqFY/uT8x9rbTNTiB1CTBH6u+JGPtKDXxXd/oYemrWG4r/eY0IOqetmIkwAirIeFEn4iYE5jAMs80kJcAHmmAimb7VJD0sMQEd2dQWYN7D1BdxJBioRAdlz8byl1SPCrZVsK+Oc8XzSWRptIv2UB7Z6AQV0SUqowoi6BE9oRf0ajwbb8a78TFuTRmTmW00BePrBz4opJA=</latexit><latexit sha1_base64="DZlXxc2YF9vEL3AGHS+y938pE2s=">AAACI3icbVDLSsNAFJ3UV62vquDGTbAIFaQkIuhGKLqRruqjD2hrmEyn7TSTSZi5EWrMzwiu9E/ciRsX/oZrp4+FrR64cDjnXu69xw05U2BZn0Zqbn5hcSm9nFlZXVvfyG5uVVUQSUIrJOCBrLtYUc4ErQADTuuhpNh3Oa253sXQr91TqVggbmEQ0paPu4J1GMGgJSe7c30Xs76XnN3kSw47LDl9Xd6Bk81ZBWsE8y+xJySHJig72e9mOyCRTwUQjpVq2FYIrRhLYITTJNOMFA0x8XCXNjQV2KeqFY/uT8x9rbTNTiB1CTBH6u+JGPtKDXxXd/oYemrWG4r/eY0IOqetmIkwAirIeFEn4iYE5jAMs80kJcAHmmAimb7VJD0sMQEd2dQWYN7D1BdxJBioRAdlz8byl1SPCrZVsK+Oc8XzSWRptIv2UB7Z6AQV0SUqowoi6BE9oRf0ajwbb8a78TFuTRmTmW00BePrBz4opJA=</latexit><latexit sha1_base64="DZlXxc2YF9vEL3AGHS+y938pE2s=">AAACI3icbVDLSsNAFJ3UV62vquDGTbAIFaQkIuhGKLqRruqjD2hrmEyn7TSTSZi5EWrMzwiu9E/ciRsX/oZrp4+FrR64cDjnXu69xw05U2BZn0Zqbn5hcSm9nFlZXVvfyG5uVVUQSUIrJOCBrLtYUc4ErQADTuuhpNh3Oa253sXQr91TqVggbmEQ0paPu4J1GMGgJSe7c30Xs76XnN3kSw47LDl9Xd6Bk81ZBWsE8y+xJySHJig72e9mOyCRTwUQjpVq2FYIrRhLYITTJNOMFA0x8XCXNjQV2KeqFY/uT8x9rbTNTiB1CTBH6u+JGPtKDXxXd/oYemrWG4r/eY0IOqetmIkwAirIeFEn4iYE5jAMs80kJcAHmmAimb7VJD0sMQEd2dQWYN7D1BdxJBioRAdlz8byl1SPCrZVsK+Oc8XzSWRptIv2UB7Z6AQV0SUqowoi6BE9oRf0ajwbb8a78TFuTRmTmW00BePrBz4opJA=</latexit><latexit sha1_base64="DZlXxc2YF9vEL3AGHS+y938pE2s=">AAACI3icbVDLSsNAFJ3UV62vquDGTbAIFaQkIuhGKLqRruqjD2hrmEyn7TSTSZi5EWrMzwiu9E/ciRsX/oZrp4+FrR64cDjnXu69xw05U2BZn0Zqbn5hcSm9nFlZXVvfyG5uVVUQSUIrJOCBrLtYUc4ErQADTuuhpNh3Oa253sXQr91TqVggbmEQ0paPu4J1GMGgJSe7c30Xs76XnN3kSw47LDl9Xd6Bk81ZBWsE8y+xJySHJig72e9mOyCRTwUQjpVq2FYIrRhLYITTJNOMFA0x8XCXNjQV2KeqFY/uT8x9rbTNTiB1CTBH6u+JGPtKDXxXd/oYemrWG4r/eY0IOqetmIkwAirIeFEn4iYE5jAMs80kJcAHmmAimb7VJD0sMQEd2dQWYN7D1BdxJBioRAdlz8byl1SPCrZVsK+Oc8XzSWRptIv2UB7Z6AQV0SUqowoi6BE9oRf0ajwbb8a78TFuTRmTmW00BePrBz4opJA=</latexit>

Can be expressed in terms of S,L,Q,LS,QS operators!
... but very lengthy expressions

J = L+ S
<latexit sha1_base64="ctH1c8FOhjr93Jtz26uk6JBjEFE=">AAACCHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJRFAXQtGNiIuKxhbaUCbTSTt0cmFmIpSQrRtfxY0LFbc+gjvfxkkvoK0/DHz85xzmnN+LOZPKsr6Nwtz8wuJScbm0srq2vmFubt3LKBGEOiTikWh4WFLOQuoopjhtxILiwOO07vUv8nr9gQrJovBODWLqBrgbMp8RrLTVNlErwKrn+elVdjbB6+xggrdZ2yxbFWsoNAv2GMowVq1tfrU6EUkCGirCsZRN24qVm2KhGOE0K7USSWNM+rhLmxpDHFDppsNLMrSnnQ7yI6FfqNDQ/T2R4kDKQeDpznxDOV3Lzf9qzUT5J27KwjhRNCSjj/yEIxWhPBbUYYISxQcaMBFM74pIDwtMlA6vpEOwp0+eBeewclqxb47K1fNxGkXYgV3YBxuOoQqXUAMHCDzCM7zCm/FkvBjvxseotWCMZ7bhj4zPH3K7mmI=</latexit><latexit sha1_base64="ctH1c8FOhjr93Jtz26uk6JBjEFE=">AAACCHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJRFAXQtGNiIuKxhbaUCbTSTt0cmFmIpSQrRtfxY0LFbc+gjvfxkkvoK0/DHz85xzmnN+LOZPKsr6Nwtz8wuJScbm0srq2vmFubt3LKBGEOiTikWh4WFLOQuoopjhtxILiwOO07vUv8nr9gQrJovBODWLqBrgbMp8RrLTVNlErwKrn+elVdjbB6+xggrdZ2yxbFWsoNAv2GMowVq1tfrU6EUkCGirCsZRN24qVm2KhGOE0K7USSWNM+rhLmxpDHFDppsNLMrSnnQ7yI6FfqNDQ/T2R4kDKQeDpznxDOV3Lzf9qzUT5J27KwjhRNCSjj/yEIxWhPBbUYYISxQcaMBFM74pIDwtMlA6vpEOwp0+eBeewclqxb47K1fNxGkXYgV3YBxuOoQqXUAMHCDzCM7zCm/FkvBjvxseotWCMZ7bhj4zPH3K7mmI=</latexit><latexit sha1_base64="ctH1c8FOhjr93Jtz26uk6JBjEFE=">AAACCHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJRFAXQtGNiIuKxhbaUCbTSTt0cmFmIpSQrRtfxY0LFbc+gjvfxkkvoK0/DHz85xzmnN+LOZPKsr6Nwtz8wuJScbm0srq2vmFubt3LKBGEOiTikWh4WFLOQuoopjhtxILiwOO07vUv8nr9gQrJovBODWLqBrgbMp8RrLTVNlErwKrn+elVdjbB6+xggrdZ2yxbFWsoNAv2GMowVq1tfrU6EUkCGirCsZRN24qVm2KhGOE0K7USSWNM+rhLmxpDHFDppsNLMrSnnQ7yI6FfqNDQ/T2R4kDKQeDpznxDOV3Lzf9qzUT5J27KwjhRNCSjj/yEIxWhPBbUYYISxQcaMBFM74pIDwtMlA6vpEOwp0+eBeewclqxb47K1fNxGkXYgV3YBxuOoQqXUAMHCDzCM7zCm/FkvBjvxseotWCMZ7bhj4zPH3K7mmI=</latexit><latexit sha1_base64="ctH1c8FOhjr93Jtz26uk6JBjEFE=">AAACCHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJRFAXQtGNiIuKxhbaUCbTSTt0cmFmIpSQrRtfxY0LFbc+gjvfxkkvoK0/DHz85xzmnN+LOZPKsr6Nwtz8wuJScbm0srq2vmFubt3LKBGEOiTikWh4WFLOQuoopjhtxILiwOO07vUv8nr9gQrJovBODWLqBrgbMp8RrLTVNlErwKrn+elVdjbB6+xggrdZ2yxbFWsoNAv2GMowVq1tfrU6EUkCGirCsZRN24qVm2KhGOE0K7USSWNM+rhLmxpDHFDppsNLMrSnnQ7yI6FfqNDQ/T2R4kDKQeDpznxDOV3Lzf9qzUT5J27KwjhRNCSjj/yEIxWhPBbUYYISxQcaMBFM74pIDwtMlA6vpEOwp0+eBeewclqxb47K1fNxGkXYgV3YBxuOoQqXUAMHCDzCM7zCm/FkvBjvxseotWCMZ7bhj4zPH3K7mmI=</latexit>



3-orbital NRG with conserved J=L+S

charge total moment

Dramatic improvement (compared to U(1) symmetry only)!

Calculations with Λ=6 feasible... but still quite demanding  
(hybrid MPI+OpenMP parallelization on 4×4 cores,  

~1-2 days per run for 6000 multiplets).

U(1)⇥ SU(2)
<latexit sha1_base64="cB9Q/rk5VTOwUW0RjNWMClZjFz4=">AAACMHicbVDLSgNBEJz1GeMr6tHLYBCSS9gNgh6DXjxGNA9IQpidzCZDZmaXmV4hLvkAv0bwpH+iJ/HqB3h2kqxgEhsaiqpqurv8SHADrvvurKyurW9sZray2zu7e/u5g8O6CWNNWY2GItRNnxgmuGI14CBYM9KMSF+whj+8muiNe6YND9UdjCLWkaSveMApAUt1c/m2JDDQMqmNC14Rt4FLZvAveWvZctG63JI7LbwMvBTkUVrVbu673QtpLJkCKogxLc+NoJMQDZwKNs62Y8MiQoekz1oWKmJ3dpLpM2N8apkeDkJtWwGesn8nEiKNGUnfOidXmkVtQv6ntWIILjoJV1EMTNHZoiAWGEI8SQb3uGYUxMgCQjW3t2I6IJpQsPnNbQE+fJj7IokVBzO2QXmLsSyDernkuSXv5ixfuUwjy6BjdIIKyEPnqIKuURXVEEWP6Am9oFfn2XlzPpzPmXXFSWeO0Fw5Xz8uEao0</latexit><latexit sha1_base64="cB9Q/rk5VTOwUW0RjNWMClZjFz4=">AAACMHicbVDLSgNBEJz1GeMr6tHLYBCSS9gNgh6DXjxGNA9IQpidzCZDZmaXmV4hLvkAv0bwpH+iJ/HqB3h2kqxgEhsaiqpqurv8SHADrvvurKyurW9sZray2zu7e/u5g8O6CWNNWY2GItRNnxgmuGI14CBYM9KMSF+whj+8muiNe6YND9UdjCLWkaSveMApAUt1c/m2JDDQMqmNC14Rt4FLZvAveWvZctG63JI7LbwMvBTkUVrVbu673QtpLJkCKogxLc+NoJMQDZwKNs62Y8MiQoekz1oWKmJ3dpLpM2N8apkeDkJtWwGesn8nEiKNGUnfOidXmkVtQv6ntWIILjoJV1EMTNHZoiAWGEI8SQb3uGYUxMgCQjW3t2I6IJpQsPnNbQE+fJj7IokVBzO2QXmLsSyDernkuSXv5ixfuUwjy6BjdIIKyEPnqIKuURXVEEWP6Am9oFfn2XlzPpzPmXXFSWeO0Fw5Xz8uEao0</latexit><latexit sha1_base64="cB9Q/rk5VTOwUW0RjNWMClZjFz4=">AAACMHicbVDLSgNBEJz1GeMr6tHLYBCSS9gNgh6DXjxGNA9IQpidzCZDZmaXmV4hLvkAv0bwpH+iJ/HqB3h2kqxgEhsaiqpqurv8SHADrvvurKyurW9sZray2zu7e/u5g8O6CWNNWY2GItRNnxgmuGI14CBYM9KMSF+whj+8muiNe6YND9UdjCLWkaSveMApAUt1c/m2JDDQMqmNC14Rt4FLZvAveWvZctG63JI7LbwMvBTkUVrVbu673QtpLJkCKogxLc+NoJMQDZwKNs62Y8MiQoekz1oWKmJ3dpLpM2N8apkeDkJtWwGesn8nEiKNGUnfOidXmkVtQv6ntWIILjoJV1EMTNHZoiAWGEI8SQb3uGYUxMgCQjW3t2I6IJpQsPnNbQE+fJj7IokVBzO2QXmLsSyDernkuSXv5ixfuUwjy6BjdIIKyEPnqIKuURXVEEWP6Am9oFfn2XlzPpzPmXXFSWeO0Fw5Xz8uEao0</latexit><latexit sha1_base64="cB9Q/rk5VTOwUW0RjNWMClZjFz4=">AAACMHicbVDLSgNBEJz1GeMr6tHLYBCSS9gNgh6DXjxGNA9IQpidzCZDZmaXmV4hLvkAv0bwpH+iJ/HqB3h2kqxgEhsaiqpqurv8SHADrvvurKyurW9sZray2zu7e/u5g8O6CWNNWY2GItRNnxgmuGI14CBYM9KMSF+whj+8muiNe6YND9UdjCLWkaSveMApAUt1c/m2JDDQMqmNC14Rt4FLZvAveWvZctG63JI7LbwMvBTkUVrVbu673QtpLJkCKogxLc+NoJMQDZwKNs62Y8MiQoekz1oWKmJ3dpLpM2N8apkeDkJtWwGesn8nEiKNGUnfOidXmkVtQv6ntWIILjoJV1EMTNHZoiAWGEI8SQb3uGYUxMgCQjW3t2I6IJpQsPnNbQE+fJj7IokVBzO2QXmLsSyDernkuSXv5ixfuUwjy6BjdIIKyEPnqIKuURXVEEWP6Am9oFfn2XlzPpzPmXXFSWeO0Fw5Xz8uEao0</latexit>

Horvat, Žitko, Mravlje PRB’17

Need to distinguish J=3/2 and J=1/2 species of fermions,  
more book-keeping, but not too difficult to implement. 
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<latexit sha1_base64="mgAuouBZ4Bp2OQsgtTWGPLPvF0w=">AAACKXicbVA9SwNBEN2LXzF+RS21WAyCVbgTQQuLoI1gEyFfkIthb7OXLNnbO3bnhHhJ468RrPSf2Kmt/8HavSSFSXww8Hhvhpl5XiS4Btv+tDJLyyura9n13Mbm1vZOfnevpsNYUValoQhVwyOaCS5ZFTgI1ogUI4EnWN3rX6d+/YEpzUNZgUHEWgHpSu5zSsBI7fzh0BWmu0OG+BJX2rf3bkCgp4IkVN6onS/YRXsMvEicKSmgKcrt/I/bCWkcMAlUEK2bjh1BKyEKOBVslHNjzSJC+6TLmoZKEjDdSsZfjPCxUTrYD5UpCXis/p1ISKD1IPBMZ3qjnvdS8T+vGYN/0Uq4jGJgkk4W+bHAEOI0EtzhilEQA0MIVdzcimmPKELBBDezBXj/ceaLJJYcdBqUMx/LIqmdFh276NydFUpX08iy6AAdoRPkoHNUQjeojKqIoif0jF7Rm/VivVsf1tekNWNNZ/bRDKzvX9x4qCE=</latexit><latexit sha1_base64="mgAuouBZ4Bp2OQsgtTWGPLPvF0w=">AAACKXicbVA9SwNBEN2LXzF+RS21WAyCVbgTQQuLoI1gEyFfkIthb7OXLNnbO3bnhHhJ468RrPSf2Kmt/8HavSSFSXww8Hhvhpl5XiS4Btv+tDJLyyura9n13Mbm1vZOfnevpsNYUValoQhVwyOaCS5ZFTgI1ogUI4EnWN3rX6d+/YEpzUNZgUHEWgHpSu5zSsBI7fzh0BWmu0OG+BJX2rf3bkCgp4IkVN6onS/YRXsMvEicKSmgKcrt/I/bCWkcMAlUEK2bjh1BKyEKOBVslHNjzSJC+6TLmoZKEjDdSsZfjPCxUTrYD5UpCXis/p1ISKD1IPBMZ3qjnvdS8T+vGYN/0Uq4jGJgkk4W+bHAEOI0EtzhilEQA0MIVdzcimmPKELBBDezBXj/ceaLJJYcdBqUMx/LIqmdFh276NydFUpX08iy6AAdoRPkoHNUQjeojKqIoif0jF7Rm/VivVsf1tekNWNNZ/bRDKzvX9x4qCE=</latexit><latexit sha1_base64="mgAuouBZ4Bp2OQsgtTWGPLPvF0w=">AAACKXicbVA9SwNBEN2LXzF+RS21WAyCVbgTQQuLoI1gEyFfkIthb7OXLNnbO3bnhHhJ468RrPSf2Kmt/8HavSSFSXww8Hhvhpl5XiS4Btv+tDJLyyura9n13Mbm1vZOfnevpsNYUValoQhVwyOaCS5ZFTgI1ogUI4EnWN3rX6d+/YEpzUNZgUHEWgHpSu5zSsBI7fzh0BWmu0OG+BJX2rf3bkCgp4IkVN6onS/YRXsMvEicKSmgKcrt/I/bCWkcMAlUEK2bjh1BKyEKOBVslHNjzSJC+6TLmoZKEjDdSsZfjPCxUTrYD5UpCXis/p1ISKD1IPBMZ3qjnvdS8T+vGYN/0Uq4jGJgkk4W+bHAEOI0EtzhilEQA0MIVdzcimmPKELBBDezBXj/ceaLJJYcdBqUMx/LIqmdFh276NydFUpX08iy6AAdoRPkoHNUQjeojKqIoif0jF7Rm/VivVsf1tekNWNNZ/bRDKzvX9x4qCE=</latexit><latexit sha1_base64="mgAuouBZ4Bp2OQsgtTWGPLPvF0w=">AAACKXicbVA9SwNBEN2LXzF+RS21WAyCVbgTQQuLoI1gEyFfkIthb7OXLNnbO3bnhHhJ468RrPSf2Kmt/8HavSSFSXww8Hhvhpl5XiS4Btv+tDJLyyura9n13Mbm1vZOfnevpsNYUValoQhVwyOaCS5ZFTgI1ogUI4EnWN3rX6d+/YEpzUNZgUHEWgHpSu5zSsBI7fzh0BWmu0OG+BJX2rf3bkCgp4IkVN6onS/YRXsMvEicKSmgKcrt/I/bCWkcMAlUEK2bjh1BKyEKOBVslHNjzSJC+6TLmoZKEjDdSsZfjPCxUTrYD5UpCXis/p1ISKD1IPBMZ3qjnvdS8T+vGYN/0Uq4jGJgkk4W+bHAEOI0EtzhilEQA0MIVdzcimmPKELBBDezBXj/ceaLJJYcdBqUMx/LIqmdFh276NydFUpX08iy6AAdoRPkoHNUQjeojKqIoif0jF7Rm/VivVsf1tekNWNNZ/bRDKzvX9x4qCE=</latexit>

J=0



DMFT for Hubbard-Kanamori model 
with spin-orbit coupling

U/D=3.2
J/U=1/8
semi-circular DOS
λ<0 (J=2 metal regime)
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