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Validation

Discretization revisited
Application to DMFT

Parallelization issues



VALIDATION: ARE SPECTRAL
FUNCTIONS CORRECT?

e normalization to 1 (follows directly
from the canonical anticommutation
relations)

e fluctuation-dissipation theorem

e spectral moments (high-frequency
expansion)



ALTERNATIVE METHODS (SIMULATIONS):
QUANTUM MONTE CARLO
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Monte-Carlo sampling over auxiliary variables with

Metropolis-Hastings algorithm
Example: Hirsch-Fye QMC algorithm for the Anderson impurity model



CONTINUOUS-TIME QMC ALGORITHMS
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® no time-discretization errors
® no auxiliary-field decomposition
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PERTURBATION THEORY (2ND ORDER)
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Fig. 2. Imaginary part of X¥(w) at 7 = 0 for various values of the asymmetry parameter £y/1
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Analytical expressions!

Yosida, Yamada
Horvatié, Zlati¢, 1980, 1982




FLUCTUATION-DISSIPATION THEOREM

e

T 1 + ee—Pw

—=i0@ e=+1 for fermions

4B) = - [ do |- Ghp

L & at =0

Caveat: G"(®w) may have a delta peak at ®=0, which NRG will not capture.

Not an issue when calculating with fluctuation parts, A-(A).



Cis(t) = (A(t)B)
Cip(t) = (BA(2))

Cip(w) = e Chp(w)

Cip(W) = PnAnmBmn28(w + En — Ep)
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SPECTRAL SUM-RULES
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“well-known”, but first published by S. White, PRB 1991



ALTERNATIVE VERSION
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WAz (w)/(1 + exp(Bw))dw
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Occupied states

=0
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=2

Fermi level

DISCRETIZATION

Unoccupied states
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We keep only 1=0.
These are the “representative states”



FIRST SITE OF THE WILSON CHAIN

thb === Z (chzo_dg B hC)
ko
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thb = Vf(;rgdg + H.c.

The fo orbital is the “average state” of all “representative states”.



ZERO-BANDWIDTH APPROXIMATION (ZBW)

Idea: keep only fo.
Qualitatively describes the nature of the ground state.

Example: Kondo singlet approximated by an AFM state formed
between the impurity orbital and the fo orbital.



EXACT RESULTS FOR FLAT BAND

InAl+A"!




Z-AVERAGING

A A 2 A 3 A 3 A 2 A

similar to twist averaging over ditferent
boundary conditions in finite clusters

Frota, Oliveira, PRB 33,7871 (1986) to reduce the finite-size effects

Oliveira, Oliveira, PRB 49, | 1986 (1994) (better k-space sampling)



DISCRETIZATION SCHEMES

|) Conventional scheme
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Chen, Jayaprakash, JPCM 7,L491 (1995)
Ingersent, PRB 54, [ 1936 (1996)
Bulla, Pruschke, Hewson, |JPCM 9, 10463 (1997)
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Campo, Oliveira, PRB 72, 104432 (2005)

£ . representative energy

for interval I; = [e7,; : €7]
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SPECTRAL FUNCTION OF THE FIRST
SITE OF THE WILSON CHAIN

€< — €7 .
J 7+1 =
EF = w

Flatband: %) =3 D|dE? /d=| j

Campo, Oliveira, PRB 72, 104432 (2005)
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Generally: Ay, (w)



Can we do better?

Yes! We demand Ay, (w) = p(w)

ij p(e)de -
d€zjdz] ~ ¥ )
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R. Zitko, Th. Pruschke, PRB 79, 085106 (2009)
R. Zitko, Comput. Phys. Comm. 180, 1271 (2009)



HIGH-RESOLUTION SPECTRA
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FIG. 14. (Color online) Spectral functions of the Anderson
model for increasing U.




BT - B STt
A AR
p gt T
,:_‘,‘,.ﬂ e
y

@) 1
" U/D=0.1, [/D=0.005 0t 10°
0.8}-A=1.6,1=0.015, N =32 A/ D= 6
r /D=7.1 10

S0 ApnlTn =37/ \[remsP 10
= 0.4} «w/D=2-

0.2
1 | ] | L | 2 | L
053 2 1

(b) 1
- U/D=0.07, e=-0.05D _ -4
0.8 1/D=0.005 AHWI{M/D 3.2 10.5

B 0.6/A=1.6,1=0.015, N, =32 [} eniin/ P=1.79 10

. B 5
; 0.4 Aswind T ~ 46 Ty /D=7.02 10

0.2
d | 'l 1 | 1 1 N
054 3 2 1 0 1

O Ay

| | | I

FIG. 15. (Color online) Close-up on the Kondo resonance of (a)
symmetric and (b) asymmetric Anderson impurity model and a fit
to a Lorentzian (red/gray curve) in the Fermi-liquid regime for
w<< TK°
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=—s A=8 z=0.5
— A=8 z-average
-~ A=12 z-average

U=0.3,1=0.02, e=-0.15, t=0.02
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There are several schemes for logarithmically discretizing the continuum of the bath degrees of freedom:
e Y - the scheme proposed in the paper by Yoshida, Whitaker, Oliveira, Phys. Rev. B 41, 9403 (1990).

e C - the scheme proposed 1n the paper by Campo, Oliveira, Phys. Rev. B 72, 104432 (2005). It
corrects the systematic underestimation of the bath density of states of scheme Y.

e 7 - the scheme proposed in the paper by Zitko, Pruschke, Phys. Rev. B 79, 085106 (2009). It corrects
the systematic error in the first energy interval of scheme C.

Recommendation: discretization=2



HUBBARD MODEL
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WHAT ARE THE PROPERTIES OF THE
‘“NORMAL’ METAL?

3001 Ndz_xCexC uO4 La:_xerCuO4 ]
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hole doped case



CUPRATES ARE BAD METALS

5000
4500 | BipSr;CapgqY,11Cu0, .~
4000 - ",4"" "/'/"La1 _g38f0.07CUO4
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interatomic distance

BAD METALS: materials where the transport cannot be described using
the concept of coherent quasiparticles

other bad metals: ruthenates, organics, alkali doped fullerides



DO BAD METALS TURN GOOD AT LOW

TEMPERATURES?
40 : ,
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Are there quasiparticles? At what T do they disappear!?
What happens after the Drude picture breaks down!



WHAT HAPPENS AT VERY HIGH T?

What does the density of states (DOS) look like at
infinite temperature!

T" — oo such that U > T implying U = o

| e

atomic-like?

0 2 46 B

- w/D

very diffuse!?



DYNAMICAL MEAN FIELD THEORY (DMFT)

|) local dynamics: exact calculation!
2) non-local correlations: static mean-field approximation

assumption:
E(k,w) = Z(W) or Zi,j(w) = 5232(&))

1
Gk(z):z—l—,u—ek—Z(z)
el 1 i po(€) de LTy i
P ekl et

loc

A. Georges et al,, Rev. Mod. Phys. (1996)

Ne) = e e s



DMFT:
CONDUCTIVITY FOR D=00

No vertex corrections, just the “zero-th order bubble:

5 21 Do, / duw / de( gi ) P(€) A% (e, w)
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e,w) = Im
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Metzner, Vollhardt, PRL 62, 324 (1989) computed within the
Georges, Kotliar, Krauth, Rozenberg, RMP 68, 13 (2006) dynamical mean-field theory

Khurana, PRL 64, 1990 (1990) (DMFT) approach



CASE STUDY AND TOOLS

single-band Hubbard model, semicircular DOS (Bethe lattice)

p(é) — z \/1 chelt 62 for half-bandwidth D=1
T
1

Dyo (€) (D — e jg ]

= B

in typical material D=1eV=11600K

t—t"/Vv2d

DMFT equations solved with accurate impurity solvers:
- continuous-time quantum Monte Carlo (TRIQS, O. Parcollet, M. Ferrero:

http://ipht.cea.fr/trigs), Pade analytical continuation
- numerical renormalization group (NRG Ljubljana, RZ: http://nrgljubljana.ijs.si/)

converged and compatible results using both techniques


http://nrgljubljana.ijs.si

NRG IN THE LIMIT OF
VERY HIGH TEMPERATURES

Turns out, it works!
Recipe:
- Gaussian broadening with constant kernel width y
- reduce Y until integrated quantities are converged
(overbroadening — overestimated p)




po = Mott-loffe-Regel resistivity

0.3

0.6

p/p,

0.2

D = half-bandwidth (also used as the energy unit)

DMFT(NRG) calculation
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20% hole doping

n=0.8



OVERVIEW:

TRANSPORT IN HUBBARD MODEL

Schematic Resistivity of the U=ee, d=ee Hubbard model

P / pﬂ Bad Metal
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g
High T Metal

-I‘-FL. T



1.5(-0-02;
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P/ PMIR

TFL ~ 0.050D TMIR ~ 20D

several regimes:
FL: p~TZ2 =8

p~T with po<0

hole doping:
0=1—mn
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-T/D=0.0025

A

Temperature range TrL.<T<Tmr Where the concept of quasiparticles is still defined.
Their width [>T, but quasiparticles still discernible.



WHAT HAPPENS AT VERY HIGH T?

What does the density of state (DOS) look like at
infinite temperature!

T" — oo such that U > T implying U = o

| e

atomic-like?

0 2 46 B

- w/D

very diffuse!?
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B lG PROBLEMS

e orbital degeneracy: big local Hilbert space, big
Hilbert space at each shell of Wilson chains

e multiple quantum dots with multiple
conduction leads

e lack of symmetry: diagonalization of big
matrices scales as N3



PARALLELIZATION

* Make use of multithreaded LAPACK routines, e.g. Intel MKL.
Controlled by environment variables MK, NUMTHREADS,
MKL DYNAMIC. Diagonalisation does not scale linearly, but the
speed-up is substantial.

* Run diagonalisations in parallel using multithreading (OpenMP) on
the same compute node, or using message-passing (MPI) across
several compute nodes.

Note: nested OpenMP parallelism needs to be enabled using OMP_NESTED=TRUE.
Often difficult to make it work (segmentation faults).



log

NRG Ljubljana 2.4.3.31 - (c) Rok Zitko <rok.zitko@ijs.si>
lEEmestamp: Mon Nov 13 12:55:52 2017

Eampiled on Aug 14 2018 at 10:37:37

Compiled-in symmetry types: ANYJ DBLISOSZ DBLSU2 ISO ISO2 ISO2LR
ISOLR ISOSZ ISOSZLR NONE P PP QJ QS QSC3 QSLR QST QSTZ QSZ QSZLR
EeerZ SI. SI.3 SPSUZ2 SPSU2ZC

No MPI: single node calculation.

[OMP] Max. number of threads: 1
[OMP] Number of processors: 32
OMP] Dynamic thread adjustment: 0
[OMP] Nested parallelism: O

Using Intel MKL library 11.3.2

Processor optimization: Intel(R) Advanced Vector Extensions 2
(Intel(R) AVX2) enabled processors
ax threads=8 blas max threads=8 dynamic=0

export MKL_NUM_THREADS=8
export MKL_DYNAMIC=FALSE


mailto:rok.zitko@ijs.si

Matrix dimensions in different
invariant subspaces.

2500

2000

| subspace



subspace




MASTER-SLAVE STRATEGY

|. Master delegates diagonalisations of large
matrices to slave nodes.
2. Master diagonalizes small matrices locally.

diagonalisation time (a.u.)

1.5%10° 1 slaves master

— -

subspace



HUND’S METAL

Metal in which correlations are driven by Hund’s coupling J.
Small coherence scale, even though U moderate.

e.g. S1oRuO4, m*/ m~4, bad metal with Tcoh~20K  U~W

40 ”"
_ ; Y ' <s -
S > 120
:a' 3¢ -~ = il 14 ¥
T |7 ‘ e
3} -
G 20 1¥E
E &
o’ | E
10 40
0 0
0 50 100 150 200 250 300
Temperature (K)

Hussey et al. PRB'98

Haule, Kotliar, NJP’09; Werner, Gull, Troyer, Millis PRL’08;
de’Medici, Mravlje, Georges, PRL'11; Georges, de’Medici, Mravlje, Annu Rev CM"13
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t2c ORBITALS

crystal field splitting
in octahedral field

dxy, dXZ/ dyz

Can be mapped to an effective orbital degree ot freedom
which transforms as the L=1 representation of SO(3).

SroRuOs: 4 electrons in Ru to, orbitals



INTERACTION IN THREE-ORBITAL MODELS

e E Mt T | intraorbital Coulomb
m
' ital Coulomb
U’ 2 : e interorbita
g Wl opposite spin
m<n,o
. interorbital Coulomb
_|_(U S J) E NmoTno parallel spin
m<n,o
e, I Iy spin exchange
Cmacmcfcnc_fcnd
m<n,o

—J Z [CjnTCIn ¢CnTCn¢ o hC] pair hopping

m<n

“Rotationally invariant” for U'=U-2]



INTERACTION IN THREE-ORBITAL MODELS

Kanamori interaction U(Ll) x SUR2) 5@

J
E = (U LI = 1 = 2 — 5L2
/ N
1st Hund’s rule 2nd Hund’s rule

Dworin-Narath interaction U(1) x SU(2) x SU(3)

1
Himp = = NG, 1) 9 SeE

Ny = Z dl ds

Georges, de’Medici, Mravlje, Annu Rev CM’13 Sie Z dl; ( Ooo' ) Ao

Nishikawa, Hewson, PRB’12: role of ol Z At
(non)conservation of orbital angular momentum mot



¢ Dynamical symmetry enhancement: SO(3)—SU(3)
® Separ ate scr eening of Land S (non-Fermi-liquid physics?)

e Effects of spin-orbit coupling (rd Hund's rule)



MULTIPLET STRUCTURE
(KANAMORI INTERACTION)

N S L Degeneracy = (25 + 1)(2L + 1) Energy
06 0 0 1] 0
1[5 1/2 1 6 —5J/2,[10U — 5J/2]
o4 1 1 9] U—5J,[6U —5J]
0/ 0 2 5 U —3J,[6U — 3J]
0/ 0 0 1 U, 16U

3 3/2 0 1 3U — 15J/2

3 1/2 2 10 3U—9J/2

3 1/2 1 6 3U —5J/2

Table 1: Eigenstates and eigenvalues of the to, Hamiltonian UN(N — 1)/2 — 2J52 — JL?/2 in
the atomic limit (U = U — 3J). The boxed numbers identifies the ground-state multiplet and its

degeneracy, for J > 0.

Georges, de’Medici, Mravlje, Annu Rev CM'13



EFFECTIVE KONDO MODEL

a Pb
n+1 | n—1
a b b i
Ng=2, S5=1 =

s — N J.S st L]0 G

orbital quadrupole operators

1 2
& (L2 L0, + L7 Lh ) — 2800,
g2 l ’ e : 3 Yin, Haule, Kotliar PRB’12
Tr(Q“Q") = 204, Aron, Kotliar PRB’15

Stadler et al. PRL'15

Horvat, Zitko, Mravlje PRB’16



BARE KONDO COUPLING CONSTANTS

Js is small or even ferromagnetic

Ferromagnetic alignment favored by fluctuation to N=3
(half-filled). This is in contrast to single-orbital problems.

bath atom | bath
DR

A A

A A




Jp
|l.— 71 spin
_- ] 3
l orbital
Y I Jq
— Jis mixed
e - Jqs

small splitting between
dipole and quadrupole terms

small / ferromagnetic J

0.0 0.2 0.4 N=2 O. 0.8 1.0

« b >
charge fluctuations to N=1 charge fluctuations to N=3

b = local potential



SPLITTING BETWEEN
DIPOLAR AND QUADRUPOLAR COUPLING

1.4

— J
ol 1| == J
_______________________________________ Jq
1.0F 4| —  J
- Jqs
L‘ 0.8 [ e
ey e e
G
0.4 Py
Aol VR e e e o S Ee OC L R
(b)
OO | | | |
0.0 0.2 0.4 0.6 0.8 1.0
J
J

Driven by the orbital part of Hund’s coupling term: — 5 1BF



DYNAMICAL SYMMETRY ENHANCEMENT

(WITHIN PERTURBATIVE RG)

Splitting between the dipole
and quadrupole orbital

4 , | couplings goes to zero at low-T:
: L_______—-————- | SO(3) — SU(3) enhancemen
As if there were no -(J/2)L2 term.

2 i

————————— - B./B
e s = a8

Bars 7/ Fs ct. also work by

0.0 0.1 0.2 e Suzmense S

log,o(T/T%) | Kiselev, Avishai



3-ORBITAL NRG WITH FULL SYMMETRY

U(l) X SU(Q) X SO(3> (Kanamori type)

charge spin orbital

Dramatic improvement!

Calculations with A=4 feasible... but still quite demanding
(hybrid MPI+OpenMP parallelization on 4x4 cores,
~24h per run for 4000 multiplets ~ Ecutof=8).

Real-frequency-axis spectra — transport calculations!

Weichselbaum et al. implement the larger SU(3)
symmetry of the Dworin-Narath Hamiltonian without
the L term (2nd Hund’s rule).

cf. Stadler et al. PRL'15, arxiv 2018 Horvat, ZitkO, Mravlje PRB’16



NRG flow diagrams

Dworin-Narath Kanamori

6 mie SN kT 6

Even, DII\I S i | Even, Karl1amori | 3’3 &
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2 st 3 SO 4 3

Do e e S S I IRRE SRR s -

0 | | | | | 0 | | | | |

7 | | | | | 7 | -I | | |

6_Odd,DN SR S <y 4 6_Odd,Kanamorl :’: Jo e R -

+ "

5L gt Al By e i @

| %%¢++++++ gl %$4§+++++ 1

2_$ +ii:’:++++++ 1 o & T+t ++++++ /

1 ot ; $¢+

b i i I 2

0 T+++1++T++1++T 0 ﬂff++l++_i_++l++_i_

0 5 10 15 20 14) 30 0 5) 10 155} 20 25 30
N

Same low-temperature strong-coupling fixed point!

Nishikawa, Hewson, PRB’12



SEPARATION OF ORBITAL AND SPIN
KONDO TEMPERATURES

—10 _5 0
1“5—’31“(1 )

Generic: same behaviour found for Kanamori, Dworin-Narath,
as well as their Schrieffer-Wolff-transformed variants.

Okada, Yosida, PTP’'73
Yin, Haule, Kotliar PRB’12



DMFT FOR HUBBARD-KANAMORI MODEL
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First seen in the minimal SU(3) model, Stadler et al. PRL'15
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SPIN-ORBIT COUPLING
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Important to account for the details in the band structure.
Typically not included in LDA+DMEFT calculations, but results still
in good quantitative agreement with experiments. Why?



SCHRIEFFER-WOLFF TRANSFORMATION
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Kondo coupling unit tensor operators

(impurity & band)
s S(JZ, J], Ji)

Can be expressed in terms of S,L,Q,LS,QS operators!

... but very lengthy expressions



3-ORBITAL NRG WITH CONSERVED J=L+S
N> ST
charge total moment

Need to distinguish J=3/2 and J=1/2 species of fermions,
more book-keeping, but not too difficult to implement.

Dramatic imprOvement (compared to U(1) symmetry only)!

Calculations with A=6 feasible... but still quite demanding
(hybrid MPI+OpenMP parallelization on 4x4 cores,
~1-2 days per run for 6000 multiplets).

Horvat, Zitko, Mravlje PRB’17
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DMFT FOR HUBBARD-KANAMORI MODEL
WITH SPIN-ORBIT COUPLING
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