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• Dynamical quantities (spectra)

• Discretization and truncation errors

• Transport properties



Ground state and excited states
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Kubo formalism, linear response



Green’s functions
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Spectral theorem:
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Spectral decomposition
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e=+1 if A and B are fermionic, otherwise e=-1.
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Spectral representation:

Spectral function:



Lehmann representation
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Lehmann representation for 
impurity spectral function
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T=0 vs. T≠0



Simplest approach

Tradi&onal	way:	at	NRG	step	N	we	take	excita&on	energies	in	
the	interval	[a	ωN:	a	Λ1/2	ωN]	or	[a	ωN:	a	Λ	ωN],	where	a	is	a	
number	of	order	1.	This	defines	the	value	of	the	spectral	
func&on	in	this	same	interval.	
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“patching”

p:	patching	parameter	(in	units	of	energy	scale	at	N+1-th	itera&on)	



Broadening
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traditional log-Gaussian



modified log-Gaussian
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Broadening at finite temperatures
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Second stage of broadening: 

!0 / T
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[extra]
U=0.01
Gamma=0.001
delta=0

[param]
symtype=QS
discretization=Z
Lambda=2
Tmin=1e-10
keepenergy=10
keep=5000

model=SIAM

ops=A_d
specd=A_d-A_d

broaden_max=0.1
broaden_min=1e-7
broaden_ratio=1.02

fdm=true
T=1e-10

smooth=new
alpha=0.6
omega0=1e-99

A_d hm|d†�|ni
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A_d-A_dchoice of operators/spectra

frequency mesh for output

algorithm

spectral smoothing
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spec_FDM_dens_A_d-A_d.dat

This is the spectral function = imaginary part of the Green’s function. 
Real part can be obtained using the Kramers-Kronig transformation.





Friedel sum rule





Density-matrix NRG

Problem:	Higher-energy	parts	of	the	spectra	calculated	
without	knowing	the	true	ground	state	of	the	system	

Solu&on:		
1)	Compute	the	density	matrix	at	the	temperature	of	interest.	
It	contains	full	informa&on	about	the	ground	state.		

2)	Evaluate	the	spectral	func&on	in	an	addi&onal	NRG	run	
using	the	reduced	density	matrix	instead	of	the	simple	
Boltzmann	weights.	



W. Hofstetter, PRL 2000

DMNRG for non-Abelian symmetries: Zitko, Bonca, PRB 2006
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T = 0 ! ⇢ = |0ih0|
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Spectral function computed as:

W. Hofstetter, PRL 2000



CFS & FDM-NRG

CFS = complete Fock space
FDM = full density matrix

Anders, Schiller, PRL 2005, PRB 2006

Peters, Pruschke, Anders, PRB 2006

Weichselbam, von Dellt, PRL 2007



complete basis set for Wilson chain

|↵imp,↵0, . . . ,↵N i

|r, e;mi e = {↵m+1, . . . ,↵N}

|k, e;mikp |l, e;midis

FN = span{|l, e;midis}

⇢ =
X

m

X

le

|le;mie
��Em

l

Z
hle;m|

Weichselbam, von Dellt, PRL 2007

Anders, Schiller, PRL 2005, PRB 2006

m: shell label



Also the basis of the time-dependent NRG !  
(cf. Anders, Schiller 2005, 2006)



Peters, Pruschke, Anders 2006



Peters, Pruschke, Anders 2006

note: s=-1 for fermions



CFS vs FDM vs DMNRG

•CFS	and	FDM	equivalent	at	T=0	
•FDM	recommended	at	T>0	
•CFS	and	FDM	are	slower	than	DMNRG	 
(all	states	need	to	be	determined,	more	complex	expressions	for	
spectral	func&ons)	

•No	patching,	thus	no	arbitrary	parameter	as	in	DMNRG

finite=true
dmnrg=true
fdm=true
cfs=true

param



Self-energy trick

Bulla, Hewson, Pruschke 1998

A=-1/π Im[G]

B=-1/π Im[F]



ops=A_d self_d
specd=A_d-A_d self_d-A_d

(* All operators which contain d[], except hybridization (Hc). *)
Hselfd = H1;

selfopd = ( Chop @ Expand @ komutator[Hselfd /. params, d[#1, #2]] )&;

(* Evaluate *)
Print["selfopd[CR,UP]=", selfopd[CR, UP]];
Print["selfopd[CR,DO]=", selfopd[CR, DO]];
Print["selfopd[AN,UP]=", selfopd[AN, UP]];
Print["selfopd[AN,DO]=", selfopd[AN, DO]];

param

model.m



















✏z1 = D

✏zj = D⇤2�j�z

z 2 (0 : 1]

Frota, Oliveira, PRB 33, 7871 (1986)
Oliveira, Oliveira, PRB 49, 11986 (1994)

z-averaging

works best for Nz=2N

similar to twist averaging over different
boundary conditions in finite clusters

to reduce the finite-size effects  
(better k-space sampling)



#!/usr/bin/env looper
#PRELUDE: $Nz=4;
#AUTOLOOP: ${NRGPREFIX} nrginit ; ${NRGPREFIX} nrgrun
#OVERWRITE

[extra]
U=0.01
Gamma=0.001
delta=0

[param]
symtype=QS

discretization=Z
@$z = 1/$Nz; $z <= 1; $z += 1/$Nz
z=$z

Lambda=2
Tmin=1e-10
keepenergy=10
keep=5000

model=SIAM #!/bin/bash
FN=spec_FDM_dens_A_d-A_d.dat
Nz=`getNz`
${NRGPREFIX} intavg ${FN} ${Nz}





Ultimate accuracy limits

Zitko, PRB 84, 085142 (2011)











Transport in Nanostructures

Grobis et al., PRL 100, 246601 (2008)

conductance G ! dI=dV using standard lock-in tech-
niques, with an rms modulation bias of 1 !V at 337 Hz.
The dot is cooled in the mixing chamber of an Oxford
Instruments Kelvinox TLM dilution refrigerator with a
base electron temperature of 13 mK [20].

At base temperature, the Kondo effect produces a char-
acteristic enhancement of conductance through the quan-
tum dot at odd occupancy (""0, "0 #U > !), as seen in
Fig. 1. The couplings of the dot to its two leads are tuned to
maximize TK while keeping the two couplings nearly
equal. The saturation of conductance at a value near
1:75e2=h throughout the middle of the Kondo plateau
["209 mV<VG <"199:5 mV in Fig. 1(c)] confirms
that Tbase $ TK and indicates that the coupling asymmetry
is around 2:1 [2]. Conductance as a function of source-
drain bias in the Kondo plateau shows a narrow peak
centered at zero bias, known as the Kondo peak [Fig. 1(b)].

As the temperature increases from 13 to 205 mK the
overall Kondo conductance decreases [Figs. 1(b) and 1(c)].
Previous measurements found the temperature evolution of
linear conductance G%T; V ! 0& to be well described by an
empirical Kondo (EK) form derived from a fit to numerical
renormalization group conductance calculations [15],

 GEK%T& ! G0=!1# %T=T0K&2"s: (1)

Here, s ! 0:21 and TK
0 ! TK=%21=s " 1&1=2, which defines

TK as the temperature at which the Kondo conductance is

half of its extrapolated zero-temperature value:GEK%TK& !
G0=2. The values of G0 and TK we extract are shown in
Fig. 2(a). The Kondo conductance traces in our measure-
ments follow the EK form very well at low temperatures
(T < TK=4), but deviate from it at higher temperatures, as
seen in Fig. 2(b). Though the origin of the deviation at
higher temperatures is not completely understood, it most
likely reflects the emergence of additional transport pro-
cesses at higher temperatures. We limit the temperature
range for our fits to T < 35 mK.

To determine whether bias and temperature obey a scal-
ing relationship at low temperatures we fit the low-energy
conductance to the form

 G%T; V& ' G0 " ~cT%kT&PT " ~cV%eV&PV: (2)

Here PT and PV are exponents that characterize the tem-
perature and bias dependence, respectively, and ~cT and ~cV
are expansion coefficients. Unlike the EK form [Eq. (1)],
Eq. (2) does not assume quadratic behavior at low tem-
perature. We first extract PV by fitting G%T; 0& "G%T; V&
as a power law in voltage for jVj< 7 !V at each tempera-
ture point below 20 mK. We find that PV is nearly constant
across the Kondo plateau with an average value of 1:9 (
0:15 [Fig. 3(a)]. Extracting PT is more difficult since only a
few temperature points unambiguously reside in the
power-law regime at each gate voltage point. Fits for
T=TK yield a mean value of PT ! 2:0 ( 0:6 across the
Kondo plateau [21]. These fits are consistent with tempera-
ture and bias sharing a characteristic exponent of 2, as
theoretically expected for the single-channel Kondo effect,
and we assume this universality for the remainder of our
analysis.

Having determined the characteristic scaling exponent,
we now examine to what extent the low-energy nonequi-
librium conductance G%T; V&=G0 is described by a univer-
sal scaling function, F%T=TK; eV=kTK). We assume as a
starting point thatG%T; 0& follows the universal curve given
by Eq. (1) and examine the evolution of the differential

FIG. 2. (a) Values of G0 and TK across the Kondo plateau,
extracted using the empirical Kondo (EK) form GEK%0; T& !
G0=%1" %T=TK 0&2&s with TK

0 ! TK=%21=s " 1&1=2. The fit was
performed using data points for temperatures between 13–
35 mK. (b) A plot of the scaled conductance 1" G%T; 0&=G0
versus T=TK for all measured temperatures and gate voltage
points across the Kondo plateau [18]. The solid line shows the
empirical Kondo form.

FIG. 1 (color online). (a) Differential conductance (G) mea-
sured as a function of VG and source-drain bias at T ! 13 mK.
(b) Temperature dependence of the Kondo peak in conductance
for T ! 13– 205 mK at VG ! "203 mV. (c) Temperature de-
pendence of the Kondo plateau for T ! 13– 205 mK at V !
0 !V. (d) The SEM image shows the quantum dot device with
an overlaid measurement schematic. The topmost lead (marked
‘‘NC’’) is pinched off from the dot and does not contribute to
transport.
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transmission coefficient, T(ϵ)
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h
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= 1/12.906 k⌦

Landauer formula:

Conductance quantum:



Conductance calculation using NRG
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Can be performed without explicitly computing A(ω,T).

Yoshida, Seridonio, Oliveira PRB (2009)
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s=0.22

Standard Kondo effect

G(T ) = G0

h
1 + (21/s � 1)(T/TK)

i�s
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G(TK) = G0/2
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Underscreened Kondo Effect

C60 molecule
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Two-Channel Kondo effect

g(0, T )� g(Vsd, T )
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