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Observation of self-duality

guides to the eye, are not parallel but diverge as the disorder
increases. This indicates directly that the Bose-insulating
phase vanishes at weak disorder, and becomes more well-
developed and less influenced by background fermions at
strong disorder.6 This is in contrast to Fig. 5 in Ref. 10 where
the dividing lines are apparently parallel.

InOx films appear to complement MoGe films in terms of
the strength of the disorder, the two systems together span-
ning a wide range of the disorder axis. We now consider
InOx samples for which the critical field Hc is very low and
the regime of Bose-insulating behavior is very large, and we
analyze the critical behavior near the SIT. We have attempted
to connect the results with materials of lower disorder such
as MoGe, thin Ta films,22 and other InOx samples such as in
Ref. 18. While many systems have shown scaling near the
SIT with z!!1.3,5–18 no scaling consistent with what is ex-
pected for a true “dirty boson” system has been demon-
strated. Figure 4 shows the scaling obtained for the highly
disordered sample of Fig. 2"b#. We note that this sample
exhibits very low Hc /Hc2"0# and a critical resistance of Rc
!6.5 k". Scaling near the crossing point was obtained in
two steps. First, a best fit in which the exponent product z!
was a free variable was employed. The scaling for each data
set was based on its own actual crossing point. Following the
procedure described previously,5–7,18 the exponent product
for this sample was found to be z!=2.3#0.2 $see Fig. 4"a#%.
We note that this product is what we normally get in scaling
for the low resistance films, plus one, pointing toward a
quantum percolation exponent. However, to test this result
against specific theoretical predictions, we analyzed the data
with two fixed values for z! predicted by percolation theory:
z!=4 /3 for classical percolation and z!=7 /3 for quantum
percolation. It is evident from Fig. 4"b# that the higher expo-
nent allows for significantly less spread of the data, reinforc-
ing the free-fit result of 2.3 rather than a lower exponent. We
have carried out a similar analysis on several other films of
varying degrees of disorder.15 For other highly disordered
films, we found the scaling exponent to be consistent with

!=7 /3. For the significantly more weakly disordered
samples $see Ref. 5 or the sample in Fig. 2"a#%, the scaling
exponent was found to be !!1.3 with a sometimes broad-
ened crossing point and poorer scaling quality. Thus, the re-
sults in this regime essentially mimic those of MoGe. We
have assembled all of our data, as well as various data from
literature, into the plot shown in Fig. 1.

Let us finally return to a detailed discussion of Fig. 1. The
vertical axis gives the conductance at the critical point in
units of 4e2 /h. The horizontal axis gives the field at the
critical point, normalized by the estimated Hc2"0#; the disor-
der decreases in the positive direction. For the InOx samples,
Hc2"0# is calculated from the slope near Tc0 with some local-
ization corrections as discussed in Ref. 5; this field was also
shown to be close to the peak of the magnetoresistance at
low temperatures. For the MoGe samples, Hc2 was measured
from the low-field superconducting transitions and the values
are listed in Refs. 20 and 21. For the tantalum films, a dis-

FIG. 3. Phase diagram for the superconducting and insulating
phases. The closed and open symbols denote the Hc crossing point
and the Hp activation peak, respectively, accounting for the two
batches of samples. The lines are guides to the eye.

FIG. 4. Top: Temperature scaling for sample “b” above. Rc and
Hc are determined from the isotherms’ crossing point. The resulting
exponent z! is determined from the fit. The inset shows the crossing
of the isotherms. Bottom: The same data as above but with scaling
enforced with theoretical models for classical percolation "z!
=4 /3# and quantum percolation "z!=7 /3#.
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More precise consequence 
of self-duality at the SIT: 
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+R2
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Q

Note: self-duality imposes a 
bound on Rxx at the SIT 
given Hall resistance.

RQ = h/4e2 ⇡ 6.45k⌦/⇤

More explicit verification of self-duality by Breznay et al., 1504.08115.






























