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Motivation

”The simplest model involving quantum coherence is a
two-state system.[...] In reality, such a system is strongly
affected by the surroundings”

– Quantum dissipative systems, U. Weiss

how we use ”coherence”

-in a small quantum system

- spin-boson model: widely used in physics, chemistry and quantum
information science
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Motivation
”The simplest model involving quantum coherence is a
two-state system.[...] In reality, such a system is strongly
affected by the surroundings”

– Quantum dissipative systems, U. Weiss

how we use ”coherence”

- in a small quantum system coupled to a large environment

- spin-boson model: widely used in physics, chemistry and quantum
information sciences
- here: unbiased, ohmic spin boson model in scaling limit
placeplace
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Goal and Approach
• dissipative system: relaxation dynamics in coupling(α)-T -plane

Garg ’85; Weiss, Grabert ’86; Leggett et al. ’87

approach: two complementary RG based methods
• functional RG

• real-time RG
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Model

Hamiltonian

H = −∆

2
σx −

∑
k

λk
2
σz

(
b†k + bk

)
+
∑
k

ωkb†kbk

coupling: spectral density

J(ω) =
∑

k λ
2
kδ(ω − ωk)

ohmic case: rich physics

J(ω) = 2αωΘ(ωc − ω)
initial state: spin-up × therm. eq.

scaling limit: ωc →∞
emergent (Kondo) scale: TK = ∆(∆/ωc)α/(1−α)

Leggett et al. ’87, Weiss ’12
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Model: |α− 1/2| � 1

dynamics: coherent (osz. damped) ↔ incoherent (monotonic)

spin expect. value P(t) = 〈σz(t)〉: α < 1/2 coh., 1/2 < α < 1 incoh.

bosonization: maps to interacting resonant level model (IRLM)

H =
∑
k

εka†kak +
√

Γ0
2πν

∑
k

(d†ak + da†k) + U
2ν (d†d − dd†)

∑
kk ′

: a†kak ′ :

→ with structureless lead

→ mapping of parameters:

Γ0 = ∆2/ωc

U = 1−
√

2α

g = 2U − U2 = 1− 2α

P(t) = 〈σz(t)〉 = 1− 2n(t)

n(t) : occupancy of level

- ADVANTAGE: α = 1/2→ g = U = 0 (Toulouse limit)

Leggett et al. ’87, Weiss ’12 4 / 16
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Methods: FRG and RTRG
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Functional RG: Keldysh Space

two-particle interaction: FRG

• cut-off Λ in Green functions:
G 0 → G 0,Λ with G 0,Λ→∞ → 0 and G 0,Λ=0 → G 0

• hierarchy of flow equations for vertex functions

• truncate hierarchy after first order (only Σ flows)

= t
t

∂Λγ
Λ
1 (1,1′) =

∑
22′

ŜΛ
2′2γ

Λ
2 (12;1′2′) (with: 1 = {t, i , p})

ŜΛ
11′ = ŜΛ(1,1′) =

∑
22′

Ĝ Λ
1,2′

[
∂Λ[Ĝ 0,Λ]−1

]
2′2

Ĝ Λ
21′ = −∂∗ΛĜ Λ

11′
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∂Λ[Ĝ 0,Λ]−1

]
2′2
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Functional RG: Flexibility

steady driven state periodic driving transient dynamicsg

t0 → −∞:

G (t, t ′) = G (t − t ′)

Fouriertransform⇒ G (ω)

t0 → −∞:

G (t, t ′)=G (t+T , t ′+T )

Floquet theory⇒ Gk(ω)

finite t0:

keep G (t, t ′) explicit

Fouriertransform⇒ G (ω)

transient dynamicsg

finite t0:

keep G (t, t ′) explicit

Fouriertransform⇒ G (ω)
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Real-Time RG: Liouville-Laplace Space

aim at reduced density matrix of local system

i ρ̇(t) = [H, ρ] = Lρ

ρ(t) = e−iL(t−t0)ρ(t0)

ρS(t) = Trres [ρ(t)]

ρS(t) = P(t)ρS(t0) =
i

2π

∫ ∞+i0+

−∞+i0+

dE e−iEt Π1(E )ρS(t0),

with Π1(E ) = [E + iΓ1(E )]−1 and Laplace variable E as flow parameter:

dΓ1/2(E )

dE
= −(1− 2α) Γ1(E ) Π2/1(E ),

with Π2(E ) = [E + iΓ2(E )/2]−1 and initially Γn(iωc) = ∆2/ωc
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Dynamics in the α-T-plane
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Spin Relaxation Dynamics: T = 0

0 5 10 15 20
T

K
t

10
-6

10
-4

10
-2

10
0

|P
(t

)|

α=1/2exp(-T
K
t)

exp(-T
K
t/2)/t

2-2α

- coherent regime: non-monotonic only for small-intermediate TK t?

-
coherent regime: non-monotonic only for small-intermediate TK t?
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RTRG: Numerical Solution in Complex E -Plane

|∂ImERe [Π1] + ∂ReE Im [Π1]|
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Intermezzo: Conclusion

- three distinct dynamical regimes

• 1/2 < α < 1: incoherent

• αc < α < 1/2: partially coherent

• 0 < α < αc : asymptotically coherent

with αc ≈ 0.3

- still controlled?

RTRG for SBM (small α!) gives αc ≈ 0.36
(Kashuba, Schoeller ’13)
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Spin Relaxation Dynamics: T > 0

- FRG α = 0.4045 (partially coherent)
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RTRG: Numerical Solution in Complex E -Plane α = 0.45

|∂ImERe [Π1] + ∂ReE Im [Π1]|

Tc1(α)!!!
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Conclusion: Dynamical Regimes

0.3 0.35 0.4 0.45 0.5 0.55
α
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0 20TKt
ln
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ln
 |P

(t)
|

partially coherent

asymptotically coherent

incoherent

T = 0: PRL 110, 100405 (2013)
T > 0: PRB 88, 241110(R) (2013)
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Summary

dynamics in α-T -plane

• three distinct dynamical regimes

• increase T : transition from partially to asymptotically coherent

• ’coherence from elevated temperature’

T = 0: Phys. Rev. Lett. 110, 100405 (2013)
Quench: Phys. Rev. B 88, 165133 (2013)

T > 0: Phys. Rev. B 88, 241110(R) (2013)

avenues of future research

• periodic driving (see Eissing et al. arXiv:1508.01325)
asd

• current noise

• . . .
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